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0. Introduction 

The theory has its origin in the work of Grothendieck ||Grk|| who introduced the 



following notation of properties of abelian categories: 

Ab3. An abelian category with coproducts or equivalently, a cocomplete abelian cate- 
gory. 

Ab5. Ab3-category, in which for any directed family {Ai} ie j of subobjects of an arbi- 
trary object X and for any subobject B of X the following relation holds: 



£>) n s = n 2J) 
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Ab5-categories possessing a family of generators are called Grothendieck categories. 
They constitute a natural extension of the class of module categories, with which they 
share a great number of important properties. 

Although our interest lies exclusively with the category Mod /I with A a ring (as- 
sociative, with identity), here by a module category Mod A we mean a Grothendieck 
category possessing a family of finitely generated projective generators A = {p}j £ /. 
We also refer to the family A as a ring. It is equivalent to the category („4 op ,Ab) of 
additive functors from the category A op to the category of abelian groups Ab. Con- 
versely, every functor category (£>, Ab) with B a preadditive category is a module 
category Mod.4 with a ring of representable functors A = {h B = (B, —)}b^b- When 
A = {A} with A a ring we write Mod A = Mod A. 



In the fundamental work of Gabriel ||Gb]|| it was presented perhaps the basic tool 



for studying Grothendieck categories: localization theory. Such concepts as a localizing 
subcategory, a quotient category (and arising in this case the respective concepts of a 
torsion functor and a localizing functor) play a key role in our analysis. 

Recall that the full subcategory S of a Grothendieck category C is a Serre subcategory 
if for every short exact sequence 

— > C — > C — > C" — > 

in C the object C G S if and only if C, C" G S. A Serre subcategory S of C is localizing 
if it is closed under coproducts. 

Gabriel observed that there is a bijection on the class of all idempotent topoligiz- 
ing sets of right ideals of the ring A ("The Gabriel topologies"), and the class of all 
localizing subcategories of Mod A. Here we define a Gabriel topology on an arbitrary 
ring A = {Pi}i<zi as follows. Let $ l be some family of subobjects of P« G A. Then the 
family = {# l }i e / is a Gabriel topology on A if it satisfies the following axioms: 
Tl. Pi G ^ for each i G I. 

T2. If a G & and fi G Horn^P,, P), P, G A, then {a : fi} = jx -1 (a) belongs to 
T3. If a and b are subobjects of p such that a G $ % and {b : /i} G 5 J for any 
G Honu(Pj, P) with Im/iCo, Pj G .A, then b G 3*. 

Theorem (Gabriel). T/ie map 

S i— > 5(5) = {a C p | i g /, P/a G 5} 

establishes a bijection between Gabriel topologies on A and the class of localizing sub- 
categories of Mod A. 

Similar to the category of modules Mod A the respective localizing functor 

(-)s : Mod.4 — ► ModA/S 

is constructed in the following way: 

M s (Pi) = hm ae y Rom A (a,M/t s (M)). 

Here t$ denotes an 5-torsion functor that takes each right ^4-module M G Mod .4, to 
the largest subobject t s (M) of M belonging to S. 

The famous Popescu-Gabriel Theorem [PUJ reduces (at least in principle) the Gro- 



thendieck categories theory to a study of quotient categories of the module category 
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Mod A. It asserts that every Grothendieck category C with a family of generators 
U = {Ui}i £ j is equivalent to the quotient category Mod A/S with A the endomorphism 
ring End U of a generator U = ©j G /t/j of C and 5 some localizing subcategory of Mod A. 

However the main inconvenience of working with Pop escu- Gabriel's Theorem is that, 
as a rule, the endomorphism ring End U has enough complicated form. It often arises 
a necessity to study Grothendieck categories locally, with the help of "visible" subcat- 
egories of C. In this vein, in ||GG1|| it has been shown that if P is a finitely generated 



projective object of C (if such an object exists), then the full subcategory generated by 
the object P 

S = {C G C | Rom c (P,C) = 0} 

is localizing in C and the quotient category C/S of C with respect to S is equivalent to 
the category of modules Mod A with A = End P. In particular, every module category 
Mod A with A = {Pi\nzi can be partially covered with the categories ModAj where 
Ai = EndPj, i.e. the following relation holds: 

IjMod^ C Mod A 

iel 

We extend this result to arbitrary projective families of objects. We say that a family 
U of the Grothendieck category C generates a full subcategory B of C if for every object 
C of B there is an exact sequence 

® ieI Ui — ► ®je.jUj — ► C — ► 

with Ui eU. 

Theorem. Let C be a Grothendieck category andU = {Pj}j e / some family of projective 
objects of C. Then the subcategory S = {C G C \ c(P, C) = for all P GW} is 
localizing in C and C/S is equivalent to the quotient category Mod^4/P, where A = 
{hp = (— ,P)}p£u, P ^ some localizing subcategory o/Mod^4. Moreover, C/S is 
equivalent to a subcategory of C generated byU. If, in addition, each P EU is finitely 
generated, then C/S is equivalent to the module category Mod A. 

The Pop escu- Gabriel Theorem is generalized as follows. 

Theorem (Popescu and Gabriel) . Let C be a Grothendieck category with a family of 
generators U = {Ui}i £ j and T = (— , ?) : C — > Mod A be the representation functor that 
takes each X 6 C to (—,X), where A = {h^ = (— , Ui)}i e i. Then: 

(1) T is full and faithful. 

(2) T induces an equivalence between C and the quotient category Mod A/S, where S 
denotes the largest localizing subcategory in Mod A for which all modules TX = (— , X) 
are S -closed. 

The advantage of the Theorem is that we can freely choose a family of generators 
U of C. To be precise, if Ai is an arbitrary family of objects of C, then the family 
U = U U M. is also a family of generators. 

We say that an object C of C is U -finitely generated (U -finitely presented) if there is 
an epimorphism r\ : ©™ =1 £7j — > C (if there is an exact sequence ©™ =1 [7j — > ©^t/j — > C) 
where Ui G U. The full subcategory of W-finitely generated (W-finitely presented) 
objects of C is denoted by fg^C (fp u C). When every Ui G U is finitely generated 



4 



GRIGORY GARKUSHA 



(finitely presented), that is the functor ([/»,—) preserves direct unions (limits), we 
write fg u C = fgC (fp u C = fpC). Then every Grothendieck category is locally in- 
finitely generated (locally W-finitely presented) that means every object C of C is a 
direct union (limit) C = J^iei^i (C = \im i€l Ci) of W-finitely generated (W-finitely 
presented) objects Cj. 

Recall also that a localizing subcategory S of C is of prefinite (finite) type provided 
that the inclusion functor C/S — > C commutes with direct unions (limits). So the 
following assertion holds. 

Theorem (Breitsprecher). Let C be a Grothendieck category with a family of genera- 
tors U = {Ui\ ie i. Then the representation functor T = (— ,?) : C — > ((fp w C) op , Ab) 
defines an equivalence between C and ((fp w C) op , Ab)/S, where S is some localizing sub- 
category of ((fp^ C) op , Ab). Moreover, S is of finite type if and only iffp u C = fpC In 
this case, C is equivalent to the category Lex((fp C) op , Ab) of contravariant left exact 
functors from fp C to Ab . 

The Gabriel topology stated above is taken up again in expanded and more general 
form, to be used for the characterization of finiteness conditions on localizing subcate- 
gories. Let U = {Ui} i€ j be a family of generators of the Grothendieck category C and 
S a localizing subcategory. By Gabriel topology S on W we mean a collection of the 
following sets: 

& = { a c Ui | Ui/a G S} 

where Ui G U. Then G5 satisfies axioms Tl — T3 (see above) and similar to the module 
category the localizing functor (— )s : C — ► C/S is defined by the rule 

X s (Ui) = lim ae &(a,X/t s (X)) 

where Ui £W and ts is an iS-torsion functor. 

At present in modern theory of rings and modules and also in theory of abelian 
categories there is a number of fundamental concepts having come from model theory 
of modules. The model theory has brought essentially new principles and statements of 
questions that touch upon purely algebraic objects. For this reason, it has stipulated a 
number of investigations, which are, on the one hand, a translation of model-theoretic 
idioms into algebraic language and, on the other hand, methods obtained so prove, in 
a certain context, a very convenient tool for studying the category of modules. 

It turned out that the most important model-theoretic conceptions are realized in 
the category 

C A = (modA op ,Ab) 

whose objects are additive covariant functors from the category modyl op of finitely 



presented left A-modules into the category of abelian groups Ab ||JL|| . We refer to 
the category Ca as the category of generalized right A-modules on account of the right 
exact, fully faithful functor Ma i— > M <8u — from the category Mod A of right A- 
modules to Ca- This functor identifies pure-injective right A-modules with injective 
objects of Ca [|GJ|| . Auslander ||Ausl|| observed that the full subcategory fpC^ of 



finitely presented functors of Ca is abelian. Equivalently, Ca is a locally coherent 
Grothendieck category. 
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Note separately that the category C A plays an important role in modern representa- 
tion theory of finite dimensional algebras (see e.g. | Aus2 , Kr2|| ). 



One of the fundamental model-theoretic concepts is a Ziegler spectrum of a ring 
introduced by Ziegler ||Zgrf| in model-theoretic terms. Recently Herzog [ |Hrz| and 



Krause [ Krl have defined (algebraically) the Ziegler spectrum of an arbitrary locally 
coherent Grothendieck category. An extension of the Ziegler spectrum to arbitrary 
locally coherent categories is especially constructive in the study of purity in arbitrary 
locally finitely presented (not only Grothendieck) categories. Generally, a locally co- 
herent Grothendieck category plus the couple (t$, (— )s) of torsion/localizing functors 
turns out a useful tool every time in model theory it arises something new about the 
category of modules! This is, if you will, a good heuristic method in the indicated 
context. 

So then the Ziegler spectrum ZgC of a locally coherent Grothendieck category C 
is a topological space whose points are the isomorphism types of the indecomposable 
injective objects of C and an open basis of ZgC is given by the collection of subsets 

0(C) = {E G ZgC | Rom c {C,E) + 0} 

as C G cohC ranges over the coherent objects of C. If C = C^, this space is called a 
Ziegler spectrum of a ring. 

The second half of the paper, for the most part, is devoted to a generalization 
of results of [|GG1| , |GG2|| . At first, given a ring A = {Pi}i e i of finitely generated 



projective generators of the module category Mod A = (A op , Ab), we define, similar to 
the category C A , the category of generalized A- modules 

C A = (mod^ op ,Ab). 

Here mod A op = fp (A, Ab) denotes a full subcategory of finitely presented left A- 
modules. The most important notions of the category C A are easily carried over to the 
same notions for the category Ca- 

The following Theorem is the main result for this part. 

Theorem. Let C be a Grothendieck category with a family of generators U = {Ui} i€ j 
and A = {hu t }iei a ring generated by U. Then C is equivalent to the quotient category 
of Ca with respect to some localizing subcategory S of Ca- In particular, every module 
category Mod A with A = {Pj}j e / a ring is equivalent to the quotient category of Ca 
with respect to the localizing subcategory V A = {F G Ca \ F(P) = for all P G A}. 

The preceding Theorem leads to a description of different classes of rings and modules 
in terms of torsion/localizing functors in the category Ca- The aim of such a description 
is to give a criterion of a duality for categories of finitely presented left and right A- 
modules. 

The paper is organized as follows. The first section is preliminary, collecting the 
necessary category-theoretic background. In the second section we discuss Gabriel 
topologies and localization in module categories. The following section is of purely 
technical interest. The results of this section will be needed in proving Popescu- 
Gabriel's Theorem. The principle section of the paper is fourth, in which we prove 
the Popescu-Gabriel Theorem and also discuss projective generating sets. In the fifth 
section we show how various finiteness conditions of the localizing subcategory S of 
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C are reflected by properties of the family of generators IA of C. We also prove here 
Breitsprecher's Theorem. The basic facts about categories of generalized ^4-modules, 
including Auslander-Gruson- Jensen's Duality and Theorem of Herzog is presented in 
the sixth section. In the remaining sections we present Grothendieck categories as 
quotient categories of C4 and illustrate how localizing subcategories of C4 are used to 
study rings and modules. 

When there is no doubt about the ring A or the category B, we usually abbreviate 
Hom^M, N) or Homg(M, N) as (M,N). We shall freely invoke the fact that every 
object X G C of a Grothendieck category C has an injective envelope E(X) G C (for 
details see [|Fi], Chapter VI]). This fact is also discussed in section [|. If B is a category, 
then by a subcategory A of B we shall always mean a full subcategory of B. For 
concepts such as subobject, epimorphism, injectivity, etc. we shall use the prefix A- 
sub object or £>-subobject to indicate the context. This prefix can be omitted if the 
concept in question is absolute with respect to the inclusion A C B. To indicate the 
context of an operation, for example Ker/^, E(X) or limXj, we shall use a subscript, 
for example, Ker_4/z, E^(X), etc. which may also be omitted in case of absoluteness. 

Acknowledgements. I should like to thank A. I. Generalov and M. Prest for helpful 
discussions. Many thanks also to Vladimir Kalinin for his help in preparing the man- 
uscript and constant interest in the work. 

1. Preliminaries 

In this preliminary section, we collect the basic facts about Grothendieck categories. 
Some constructions can be defined for more general (than Grothendieck) categories. 



For details and proofs we refer the reader to [|Gbl 



1.1. Ab- conditions 

Recall that an abelian category C is cocomplete or Ab3- category if it has arbitrary direct 
sums. The cocomplete abelian category C is said to be Ab5-category if for any directed 
family {Ai} i( zj of subobjects of A and for any subobject B of A, the relation 

n a = n a) 

iei iei 

holds. 

The condition Ab3 is equivalent to the existence of arbitrary direct limits. Also, Ab5 
is equivalent to the fact that there exist inductive limits and the inductive limits over 
directed families of indices are exact, i.e. if / is a directed set and 

— > Ai — > Bi — > d — > 

is an exact sequence for any % G /, then 

— ► lim Ai — > lim B { — ► lim Q — > 

is an exact sequence. 

Let C be a category and U = {Ui} i€ j a family of objects of C. The family U is said to 
be a family of generators of the category C if for any object A of C and any subobject 
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B of A distinct from A there exists at least an index i & I and a morphism u : Ui — > A 
which cannot be factorized through the canonical injection i : B ^ A of B into A. An 
object {/ of C is said to be a generator of the category C provided that the family {U} 
is a family of generators of the category C. 

Let C be a cocomplete abelian category; then W = {£7j}j 6 / is a family of generators for 
C if and only if the object ®ieiUi is a generator of C [[BD| , Proposition 5.33]. According 
to [|BD| , Proposition 5.35] the cocomplete abelian category C which possesses a family 
of generators U is locally small and similar to ||BD| , Proposition 5.34] one can be proved 
that any object of C is isomorphic to a quotient of an object Q)j € jUj, where J is some 
set of indices, Uj G U for any j G J. 

An abelian category which satisfies the condition Ab5 and which possesses a family 
of generators is called a Grothendieck category. 

Examples. (1) The category of left (or right) A-modules, where A is a ring, and the 
category of (pre-)sheafs of A-modules on an arbitrary topological space are Grothen- 
dieck categories. 

(2) Let B be a preadditive small category. We denote by (£>, Ab) the category whose 
objects are the additive functors F : B — > Ab from B to the category of abelian groups 
Ab and whose morphisms are the natural transformations between functors. That it is 
Grothendieck follows from ||$tm|, Example V.2.2]. Besides, the family of representable 



functors {h B = (B,— )}seB is a family of projective generators for (B, Ab) ||Stm| , 
Corollary IV. 7. 5]. 

Let C be an abelian category and U = {Ui}i e j some set of objects of C. Consider 
U as a small preadditive category and let (W op ,Ab) be the category of contravariant 
functors from U to Ab. By T : C — > (U op , Ab) we denote a functor defined as follows. 

TX = C {-X), Tf = (-,/) 

where X G C and / is a morphism of C. 

Proposition 1.1. The functor T : C —>■ (U op , Ab) defined above is faithful if and only 
iflA is a family of generators of C. 

Proof. Assume T is faithful; if i : X' —>■ X is a monomorphism of C which is not an 
isomorphism, and let j : X — > X/X' is the cokernel of i, then, if Ti is an isomorphism, 
it follows that Tj = since T is left exact. Therefore j = 0, which is a contradiction. 

Conversely, assume U is a family of generators of C and let / : X — > Y be a 
morphism in C such that Tf = 0. If / = pj is the canonical decomposition of / with 
p monomorphism and j epimorphism, then Tj = and if i : Ker / — > X is the kernel 
of j, we get that Ti is an isomorphism. Since U is a family of generators, z is an 
isomorphism and therefore j = 0, hence / = 0. □ 



1.2. Localization in Grothendieck categories 

A subcategory S of the Grothendieck category C is closed under extensions if for any 
short exact sequence 

— >X' — ► X — ► X" — ► 
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in C in which A', X" belong to S the object X belongs to S. The subcategory S 
is a Serve subcategory provided that it is closed under extensions, subobjects, and 
quotient objects. The corresponding quotient category C/S is constructed as follows. 
The objects of C/S are those of C and 



c/s 



(X,Y) =hm c (X>, Y/Y') 



with X' C X, Y' C Y and X/X', Y' G S. The set of such pairs is a partially ordered 
directed set with respect to the relation (X' ,Y/Y') < (X" ,Y/Y"), which holds if and 
only if X" C X' and Y' C Y". The direct limit is indexed by this partial order. Again 
C/S is abelian and there is canonicaly defined the quotient functor q : C — > C/S such 
that q{X) = X; it is exact with Kerg = S (see ||Gbl| , |Fa|| ) . Here the kernel Kerf 



of a functor / : C — > V is, by definition, the subcategory of all objects X such that 
f(X) = 0. 

A Serre subcategory S of C is called localizing provided that the corresponding 
quotient functor admits a right adjoint s : C/S — > C. Note that iS is localizing if 
and only if S is closed under taking copro du cts ||Fa| , Theorem 15.11]. In this case, 
S and C/S are again Grothendieck categories [|Gbl| , Proposition III. 4. 9]. Besides, the 
inclusion functor S — > C admits a right adjoint i = t$ '■ C — > 5 which assigns to 
IgC the largest subobject t(A) of A belonging to S [[Krl| , Lemma 2.1]. The functor 



ts is called a torsion functor and an object A is called S -periodic or simply periodic 
provided that t$(X) = X. Furthermore, for any object A G C there is a natural 
morphism Ax : A — > sq(X) such that KerAx, CokerAx G <S and KerAx = ^s(A) 
(see O Chapter XV]). 

An object A G C is said to be S -closed (respectively S-torsionfree) provided that Ax 
is an isomorphism (respectively a monomorphism) . Thus the section functor s induces 
an equivalence between C/S and the subcategory of 5-closed objects in C Propo- 
sition 15.19B]. Moreover, the quotient category C/S is equivalent to the perpendicular 
category S 1 - consisting of all objects A G C satisfying c{S, X) = and Ext^S 1 , A) = 
for any 5* G S [ [Krl] , Lemma 2.2]. Henceforth, the object sq(X) is denoted by As and 
the morphism sq(a) is denoted by as for every A G C and a G MorC; the morphism 
A we shall call an S -envelope of the object A. Thus for any object A of C there is an 
exact sequence 

— > A' — >X ^X s — > A" — ► (1.1) 

with A', A" G S and Ax the iS-envelope of A. Note that any two 5-envelopes \ l x : 
X — > X s , i = 1, 2, of X G C are isomorphic and X s w (X s ) s . Also, note that A 5 = 
if and only if the object A belongs to S. 

Proposition 1.2. [[Fa| , Proposition 15.19C] Let A 6e an S-torsionfree object; then a 
monomorphism \x : A — > Y is an S -envelope if and only ifY is S -closed and X/Y G S. 
In this case, the following properties hold: 

(1) fi is an essential monomorphism. 

(2) If E is an essential extention ofY, then both E and E/Y are S-torsionfree. 
Conversely, if {I) and (2) hold and Y/X G S, then \i is an S-envelope. Moreover, if 

EiX) is an injective envelope of X and X is S-torsionfree, then its S-envelope is the 
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largest subobject D of E(X) containing X such that D/X G S. Thus an S -torsionfree 
object X is S -closed if and only if E(X)/X is S -torsionfree. 

Let S 1 - be the subcategory of iS-closed objects. Consider the localizing functor (-)s ■ 
C — > S- 1 -, (— )s = sq; then the inclusion functor i : S 1 - — > C, by definition, is fully faithful 
and the localizing functor (— )s is exact since q is exact and the section functor s, as 
we have already noticed above, induces an equivalence of S 1 - and C/S. Let X, Y be 
objects of C and a G c(A, Y), (— )s{&) = a s — (^Y a )s with Ay the S-envelope of Y . 
Clearly that 0:5 = if and only if Ima C ts(Y) whence it easily follows that for X G C, 
Y G <S there is an isomorphism c{X, F) « PCs, F), that is i is right adjoint to the 
localizing functor (— On the other hand, if C and X> are Grothendieck categories, 
q' : C — > X> is an exact functor and the functor s' : I? — ► C is fully faithful and right 
adjoint to q', then Kerg' is a localizing subcategory and there exists an equivalence 

C/ Ker q' w X> such that ifg' = g with g the canonical functor ||Fa| , Proposition 15.18]. 

Later on, the quotient category C/S always means the subcategory of 5-closed ob- 
jects S x with the pair of functors (i, (—)s), where i : C/S — > C is an inclusion functor, 
(— )s '■ C — > C/S is a localizing functor. 

The following Lemma charecterizes iS-closed injective objects. 

Lemma 1.3. (1) An object E G C/S is C/S-injective if and only if it is C-injective. 
(2) An S -torsionfree and C-injective object E is S -closed. 

Proof. (1). The inclusion functor % : C/S — > C preserves injectivity since it is right ad- 
joint to the exact functor (—)s- If E G C/S is C-injective, then any C/iS-monomorphism 
fi : E — > X is also a C-monomorphism, and so splits. 

(2). It follows from Proposition |1.2| . □ 

As for C/iS-morphisms, it holds the following. 

Lemma 1.4. Let a : X — ► Y be a morphism in C/S. Then: 

(1) The C-kernel of a is S-closed. 

(2) a is a C/S-epimorphism if and only ifY/ Imc a G S. 

Proof. (1). It suffices to notice that the inclusion functor i : C/S — ► C, being right 
adjoint to the localizing functor (— )s, is left exact. 
(2). Localizing the exact sequence 

X F -^-> F/ Im c a — > 
with /3 = Coker a, we get that $5 = that implies (F/ Im c a)g = 0. □ 

In particular, a C/iS-morphism is a monomorphism if and only if it is a C-monomor- 
phism. We shall refer to this as the absoluteness of monomorphism. So for A, B £ C/S 
the relation A < B holds in C/S if and only if it holds in C. Also, it is easily shown 
that for a C- morphism a : X — > Y the C/(S-morphism 0:5 is a C/iS-monomorphism if 
and only if Ker a G S and as is a C/5-epimorphism if and only if Y / Im a G 5. Finally 
«5 is a C/iS-iso morphism if and only if Ker a G S and F/ Ima G S. 
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1.3. Lattices of localizing subcategories 

The results of this paragraph are of purely technical interest, but they will be needed 
later. Let C be a Grothendieck category with a family of generators IA = {Ui}i e i. 
Denote by L(C) a lattice consisting of localizing subcategories of C ordered by inclusion. 

Recall that X e C is W-finitely generated provided that there is an epimorphism 
©7=i U% — > X with Ui & U. A subcategory consisting of W-finitely generated objects 
is denoted by fg w C. The fact that L(C) is a set follows from that any localizing sub- 
category S is generated by its intersection fg w S = S fl fg w C with fg w C. This means 
that every object X G 5 can be written as a direct union Xj of objects from fg w 5. 
Because the category fg u C is skeletally small, L(C) is indeed a set. 

Proposition 1.5. [|GG1| , Proposition 2.7] Let V and S be localizing subcategories of 
C; then V C S if and only if C/S is a quotient category ofC/V with respect to the 
localizing in C/V subcategory S/V — {X G C/V \ X s = 0}. 

Proposition 1.6. Let V be a localizing subcategory of C and A a localizing subcategory 
of C/V; then there is a localizing subcategory S of C containing V such that S/V = A. 

Proof. Suppose the pair 

vp : C/V — > C, (-)r :C^C/V 

defines C/V as a quotient category of C. Also, suppose 

i A : (C/V)/ A — > C/V, (-) A : C/V — (C/V)/ A 

defines (C/V)/ A as a quotient category of C/"P. 
Denote by 

Q = Ha (-)p = C — > (C/V)/ A 
I = t v oi A : (C/V)/ A — >C. 

Then Q, being a composition of exact fuctors, is an exact functor. Similarly, J, being 
a composition of fully faithful fuctors, is a fully faithful functor. Furthermore, given 
X e C and Y € (C/V) /A, we have 

c(X,Y)^ c /v(Xv,Y) w (c/P)M (Q(X),r). 

Hence Q is a left adjoint functor to /. Thus the pair (I,Q) defines (C/V) /A as a 
quotient category of C with respect to the localizing subcategory S = KeiQ. By 
construction of S it is easily seen that ?C5 and S/V = A. □ 

Given a localizing subcategory V of C, consider the following sublattice of L(C): 

Lp(C) = {Se 1(C) \ SDV}. 

Corollary 1.7. IfV is a localizing subcategory of C, then the map 

L : l v (C) — > l(C/V), S i— > 5/P 



a lattice isomorphism. 
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Note also that for any S G Lp(C) 

S/V = S V = {S V \S e S}. 

Indeed, clearly that S/V C S-p. In turn, for S G S consider exact sequence fll.lp 

— > A' — > S — > S r — > A" — > 

with A' } A" G V. Because V C S, it follows that A', A" G 5. Hence S P 6 5 and since 
S-p is P-closed, one gets Sp G «S/"P. 

1.4. Locally finitely presented Grothendieck categories 

Throughout this paragraph we fix a Grothendieck category C. We define here the 
most impotant subcategories of C, essentially used further. Namely we describe the 
subcategories consisting of finitely generated, finitely presented and coherent objects 
respectively. These categories are orded by inclusion as follows: 

C 2 fgC D fpC D cohC. 

Recall an object A G C is finitely generated if whenever there are subobjects A^ C A 
for i E I satisfying A = ^2 ieI Ai, then there is already a finite subset J C I such that 
A = ^2 ieJ Ai. The category of finitely generated subobjects of C is denoted by fgC. 
The category is locally finitely generated provided that every object X G C is a directed 
sum X = of finitely generated subobjects X^ or equivalently, C possesses a 

family of finitely generated generators. 

Theorem 1.8. ||Stm| , Proposition V.3.2] An object C G C is finitely generated if and 
only if the canonical homomorphism <£> : limc(C, Dj) — > c(C, Di) is an isomorphism 
for every object D G C and directed family {-Dj}/ of subobjects of D. 

A finitely generated object B G C is finitely presented provided that every epimor- 
phism i] : A — >• B with A finitely generated has a finitely generated kernel Ker^. The 
subcategory of finitely presented objects of C is denoted by fpC The respective cat- 
egories of finitely presented left and right A-modules over the ring A are denoted by 
modA op = fp(ModA op ) and mod A = fp(ModA). Notice that the subcategory fpC of 
C is closed under extensions. Besides, if 

— > A — ► B — >C — >0 

is a short exact sequence in C with B finitely presented, then C is finitely presented if 
and only if A is finitely generated. 

The most obvious example of a finitely presented object of C is a finitely generated 
projective object P. We say that C has enough finitely generated projectives provided 
that every finitely generated object A G C admits an epimorphism rj : P —>■ A with P 
a finitely generated projective object. If C has enough finitely generated projectives, 
then by the remarks above, every finitely presented object B G C is isomorphic to the 
cokernel of a morphism between finitely generated projective objects. This is expressed 
by an exact sequence 



called a projective presentation of B. 
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Examples. The category ModA op of left A-modules has enough finitely generated 
projectives. 

Another example of a category having enough finitely generated projectives is the 
category of functors (B, Ab) from the small preadditive category B to the category 
of abelian groups Ab. In this category every finitely generated projective object is a 
coproduct factor of a finite coproduct of representable objects ©™ =1 (-Bi, — ) (see |[Hr4 
§1.2]). In addition, if B is an additive category, that is B is preadditive, has finite prod- 
ucts/coproducts and idempotents split in B, then every finitely generated projective 
object in (£>, Ab) is representable | |Hrzj , Proposition 2.1]. 

The category C is locally finitely presented provided that every object B G C is a 
direct limit B = UmBi of finitely presented objects Bi or equivalently, C possesses a 
family of finitely presented generators. As an example, any locally finitely generated 
Grothendieck category having enough finitely generated projectives {Pi}iei is locally 
finitely presented ||Laz| , Appendice]. In this case, {Pi}i£i are generators for C. For 



instance, the set of representable functors {h B } B£B of the functor category (B,Ab) 
with B a small preadditive category form a family of finitely generated projective 
generators for (B, Ab). Therefore (B, Ab) is a locally finitely presented Grothendieck 
category (see |[Hrz| , Proposition 1.3]). 

Theorem 1.9. ||Stm| , Proposition V.3.4] Let C be locally finitely generated. An object 
B G C is finitely presented if and only if the functor c(B, — ) : C — > Ab commutes with 
direct limits. 

A finitely presented object C G C is coherent provided that every finitely generated 
subobject B C C is finitely presented. Evidently, a finitely generated subobject of a 
coherent object is also coherent. The subcategory of coherent objects of C is denoted 
by cohC. The category C is locally coherent provided that every object of C is a direct 
limit of coherent objects. Equivalently, fpC is abelian [ |Ks| , §2] or C possesses a family 
of coherent generators. For example, a category of left A-modules is locally coherent 
if and only if the ring A is left coherent. 

In order to characterize the fact that (B, Ab) with B an additive category is locally 
coherent, that is fpC = cohC [[Rsj , §2], recall that a morphism ip : Y — > Z is a pseudo- 

cokernel for <p : X — > Y in B if the sequence h z h Y h x is exact, i.e. every 
morphism 5 : Y — > Z' with 5ip = factors trough ip. 



Lemma 1.10. [ |Kr2| , Lemma C.3] The following are equivalent for C : 



(1) fpC is abelian. 

(2) Every morphism in B has a pseudo-cokernel. 

The classical example of a locally coherent Grothendieck category is the category of 
right (left) generalized A-modules Ca = (modv4° p , Ab) (^C = (modA,Ab)) consisting 
of covariant additive functors from the category mod A op (mod A) of finitely presented 
left (right) A-modules to Ab. By the preceding Lemma the category fpC^, henceforth 
the category of coherent functors, is abelian. As we have already said, the finitely gen- 
erated projective objects of Ca are the representable functors (M, — ) = Horn^^M, — ) 
for some M G mody4 op and they are generators for Ca- 
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There is a natural right exact and fully faithful functor 

?® A -:ModA — >C A (1.2) 

which takes each module Ma to the tensor functor M <EU — . Recall that a short exact 
sequence 

— > X — ► Y — > Z — >0 
of right v4-modules is pure if for any M G mod A the sequence of abelian groups 

— ► Hom A (M, X) — ► Hom A (M, Y) — > Hom A (M, Z) — > 
is exact. Equivalently, the C^-sequence 

— > X® A >Y® A > Z® A > 

is exact. The module Q G Mod A is pure-injective if the functor Hom^(— ,Q) takes 
pure-monomorphisms to epimorphisms. 

Functor QO ) identifies pure-injective A-modules with injective objects of C A []CjJ| , 
Proposition 1.2] (see also | |Hrz| , Proposition 4.1]). Furthermore, the functor M ®a — £ 



cohC^ if and only if M G mod A [[Auslf (see also ||Hrz|] ) . 



The category cohC^ has enough injectives and they are precisely objects of the 
form M ®a — with M G mod A [Hrg , Proposition 5.2]. Thus every coherent object 



C G coliC^ has both a projective presentation in Ca 

(jf, -) _ (L, -) — . C7 — 

and an injective presentation in cohC^ 

— > C — > M ®a > N ® A -- 

Here K, L G modA op and M, N G mod A. 

It should be remarked that most important for the applications in representation 
theory of finite dimensional algebras is the concept of purity because the pure-injective 
modules play a prominent role among non-finitely generated modules. It is therefore 
that many concepts and problems of the theory are naturally formulated and solved in 
the category C A - For this subject we recommend the reader Auslander's work [[A us 2 
and Krause's thesis ||Kr2|| . 



Another important application came from model theory of modules since the main 
its conceptions are realized in Ca (see ||JL| , [Hrz|| ). One of such concepts ("The Ziegler 
spectrum" ) will be discussed in section |5|. 



2. GROTHENDIECK CATEGORIES POSSESSING FINITELY GENERATED PROJECTIVE 
GENERATORS 

The following terminology is inspired from the classical theory for categories of mod- 
ules Mod A where A is a ring. Similar to Mod A, Grothendieck categories C possessing 
finitely generated projective generators A = {PA-i^i are denoted by Mod A and A we 
call a ring of projective generators {Pi}i e j or simply a ring. The category Mod A is 
called a category of right A-modules. Finally any submodule a of Pi G A is called an 
ideal of the ring A corresponding to the object Pi. 
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2.1. The Gabriel topology 

Let us consider a family of ideals J = {# l }j g /, where 5* is some family of ideals of A 
corresponding to the object Pj. Then 5 is a Gabriel topology on A if it satisfies the 
following axioms: 

Tl. Pi G 5 for each i £ I. 

T2. If o G 5* and /j G Horn^Pj, Pj), Pj G .A, then {a : //} = /i _1 (o) belongs to 
T3. If a and b are ideals of A corresponding to p such that o 6 y and {b : /i} G S 3 ' 
for any /j, G Houu(Pj, Pj) with Im/iC a, Pj G .4., then b G #\ 
If .4 = {A} is a ring and a a right ideal of A, for an arbitrary endomorphism 
/j, : A — > A of the module 4^ 

At _1 (o) = {a : /i(l)} = {a e A \ /i(l)a G a}. 

On the other hand, given an element x G A, one has {a : x} = /i _1 (a) with /i G End A 
such that = x. 

Remark. We shall need the following properties of Gabriel topologies 5 = {d l }iei on 
the ring A = {P} ie /: 

(1) . If a G 5* and b is an ideal of A corresponding to p G .4 containing a, then 
b G #\ Indeed, if /i G (Pj, P) such that Im/i C a, then {b : /i} = P, G £ j . 

(2) . If a, b G then a n b G £. Indeed, since {a n b : /i} = {a : /i} n {b : /i} for 
any /x G (Pj, p), it follows that {a fl b : fi} = {a : /i} G # J for /i G (Pj, p) such that 
Im /i C b. 

Thus every $\ i G /, is a downwards directed system of ideals. 

Theorem 2.1 (Gabriel). There is a bijective correspondence between Gabriel topolo- 
gies on A and localizing subcategories in Mod A. 

Proof. Suppose £ = is a Gabriel topology on A; then by S denote the following 

subcategory in Mod A: A G S if and only if for any 5 : Pi — > A the kernel Ker<5 G 5*- 
We claim that S is a localizing subcategory. Indeed, let A G 5 and i : A' — > A be a 
monomorphism, and <5 : Pj — > A'; then Ker<5 = Ker(i<5) G 3*. Suppose now p : A — > A" 
is an epimorphism, 5 : Pj — > A". Since p is projective, there is 7 : Pj — > A such that 
J97 = <5 whence Ker7 C Ker<5, and hence Ker<5 G #\ 

Let us show now that S is closed under extensions. To see this, consider a short 
exact sequence 

— > A' — U A A" — ► 

with A', A" G 5. Let 5 : Pj -> A; then a = Ker(p£) G 5*. Consider 7 : Pj -> P such 
that Im7 C a. As p<57 = 0, there exists a : Pj — > A' such that £7 = ice. Therefore 
{Ker<5 : 7} = 7" 1 (Ker5) = Ker(<57) = Kera G /FromT3 it follows that Ker<5 G 
Thus iS is a Serre subcategory. If 5i : p — > ©4 fc , 4 fc G 5, then there is . . . , k s such 
that Im<5 C ® S j =1 Ak. (since Pj is finitely generated). Because S is a Serre subcategory, 
it follows that any finite direct sum of objects from S belongs to S, and so Ker5 G $\ 
hence S is a localizing subcategory. 

Conversely, assume that S is a localizing subcategory in Mod A. Let $ l — {0 C Pj | 
Pj/a G 5}. Obviously that P G If a G 3* and 5 : Pj — > p is a morphism, then 
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{a : 5} = Ker (p5) with p : p — > P/a the canonical epimorphism. Since Pi/a G S, it 
follows that {o : 5} G & . It remains to check T3. Assume that a6 5' and let b C Pi 
be such that for any \i : Pj — > Pi with Im/iC a the ideal /i _1 (b) G Let us consider 
an exact sequence 

— > a + b/b — ► P/b — ► P/o + b — > 0. 

Since a C a + b, one has a + b G Let p : Pj — > Pi/b be the canonical epimorphism, 
7/j = PA 4 f° r Z 1 e (-Pj) Because /i _1 (b) = Ker 7 M , it follows that Pj//i _1 (b) = 11217^ = 
p(fi(Pj) + b). In particular, if Im/i C a, then p(/i(P ? ) + b) = Pj/yU _1 (b) G <S, and hence 
we obtain then that 

a + b/b= £ p(A*(Pi) + b) 

^£(.P,-,.Pj):Im/iCa, 

belongs to S. Since 5 is closed under extensions, we conclude that Pi/b G S. □ 

The following result was obtained by Freyd |[Fr| , p. 120] for cocomplete abelian cat- 
egories possessing a family of finitely generated projective generators (see also |[Fop| , 
Corollary III.6.4]). 

Proposition 2.2. Let Mod A be the category of right A-modules with A = {Pi}i e i a 
ring of finitely generated projective generators, T : Mod A — > (-4 op , Ab) a functor which 
assigns to the right A-module M the functor Hom_4(— , M). Then T is an equivalence. 



Proof. By definition the funcor T is exact, faithful by Proposition |1 . 1| , and by The- 
orem [L9| it preserves direct limits. Clearly that T also preserves finitely presented 
modules. ^From Yoneda Lemma it easily follows that 

Honu(©r =1 P, ®? =1 Pj) « (T(©r =1 P),T(©f =1 P,)). 

Let us show that for any finitely presented ^4-modules M, A G mod A there is an 
isomorphism 

Hom^(M,A) « (T(M),T(A)). 
To see this, we consider the following commutative diagram with exact rows: 

®i =1 h Pi — ®f =1 h Pj — ^ TM ► 

/ 

®UM — ®l =1 h Pk — TA ► 0. 

Since ©Zip. is projective, there exists g such that p'g = fp. In turn, because p'gg = 
fpq = 0, it follows that lm(gq) C Kerp' = Imq'. Since ©Zip is projective, there exists 
h such that q'h = gq. Thus there results a commutative diagram 

©P ► ©P,- ► M > 

b! g' 

©P ► ©P fc ► A ► 0. 

where T(g') = g, T(h') = h. We get then that there exists /' : M — > A such that 
T(f') = f- 
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Consider now right ^-modules M and N. Write them as direct limits M = lim /Mj 
and N = lim jNj of finitely presented .A- modules Mj, Nj. One has 

Honu(M, N) ~ lim / lim j Honu(M is Nj) « lim 7 lim j(TM„ TN { ) 

» (lim TMj , hm TWj ) « (T(lim M 4 ) , T(lim iV,-)) w (TM,TN), 

that is T is a fully faithful functor. It thus remains to check that any functor F G 
(*4 op ,Ab) is isomorphic to TM for some M G Mod ^4. To see this, choose for F a 
projective presentation 

©j/ip = T(© 7 P) ©j/ip. = T(© J P j ) — > F — > 

with /, J some sets of indices. Because T is fully faithful, there exists (3 : ©/Pi — > ffijPj 
such that T(P) = a. Define M by the exact sequence 

©/P ©jP,- — >■ M — >■ 0. 
We result in the following commutative diagram 

®ih Pi — ©j/ip, > P > 

T(©/P) > ^(©jPj) > TM ► 0. 

T{P) 

Therefore we obtain that P ~ TM, i.e. T is an equivalence. □ 

In fact, the technique of the proof of the preceding Proposition allows to establish 
more strong result used later. Before formulating it, we make some notation. Let us 
consider an arbitrary Grothendieck category C and suppose A = {Pj}i g / is some family 
of finitely generated projective objects of C (if such a family exists). For clearness we 
also denote by Mod A the following subcategory of C: an object M G Mod A if and 
only if there exists an exact sequence 

®keKPk — > — ► M — >0 

with J, K some sets of indices, p, Pk G A. As usual, let us consider A as a preadditive 
category and let T : Mod .4 -> (A op , Ab) be the functor taking M to (-, M) and / to 

(-,/)■ 

Proposition 2.3. The functor T establishes an equivalence o/Mod^4. and (^4. op ,Ab). 
In particular, if A = {P}, where P is some finitely generated projective object of 
C, then Mod A is equivalent to the category of right A-modules with A = EndP the 
endomorphism ring of P. 

Proof. By the slight modification the proof of the first part repeats the proof of Proposi- 
tion [2.2| . Furthermore, if A = {P}, then hp is a finitely generated projective generator 
for (*4° p , Ab) whence it easily follows that (.4° p , Ab), in view of the Mitchell Theorem, 
is equivalent to the category of right A-modules Mod A with A = EndP. □ 

It will be shown in section |] that the category Mod A is in fact equivalent to a 
quotient category C/S, where S = {C G C \ c(P? C) = for all p G *4}. 
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^From Proposition |2.2| it also follows that in order to define a right ^4-module M 
(respectively an ^-homomorphism), it suffices to define M as a functor from A op to 
Ab (respectively as a natural transformation between functors). And conversely, any 
functor F : A op — > Ab (respectively a natural transformation between functors from 
(v4° p , Ab)) can be considered as a right ^4-module (respectively an ^-homomorphism). 
Later on, we shall not distinguish ^.-modules and functors of (.A op , Ab) and shall freely 
make use of this fact without additional reserves. 



2.2. Localization in module categories 

Fix a localizing subcategory S of Mod A, A = {Pj}j 6 /. Let $ = be the respec- 

tive Gabriel topology on A. As we have already noticed on p. [14], is a downwards 
directed system. Let X be an arbitrary right ^4-module and t — t$ the iS-torsion 
functor. For every pair a, b G such that b C o there is a homomorphism 

Horn^a, X/t(X)) — ► Honu(b, X/t{X)) 

induced by inclusion of b into a. Clearly that the abelian groups Horned, X/t(X)) 
with these homomorphisms form an inductive system over ff. 

Consider a functor H : Mod A — > Mod A defined as follows. For every M G Mod A 
and every P, G .4 we put 

H{M){P i ) = lim ae y Honu(a, M/*(M)) (2.1) 



Let us show that abelian groups ( |2.1| ) define H(M) as a functor from A op to Ab. To 
see this, we consider a morphism \i : Pj — > Pj and an element m of H(M)(Pi). Let 
m : a — > M/t(M) be a morphism representing the element m of the direct limit. We 
then define H(M)(/i)(m) G H(M)(Pj) to be represented by the composed map 

fi-\a) o M/t(M) (2.2) 

It is easy to see that H(M)(fi) is well defined, i.e. is independent of the choice of the 
representing morphism w. Thus H(M) becomes a right ^.-module. 

Let now / : M — > iV be a morphism in Mod .4.. It is obvious that f(t(M)) is 
contained in £(iV). Thus / induces a unique morphism /' : M/t(M) — > N/t(N). In 
turn, /' induces a unique morphism -ff(/) : H(M) — > H(N) which is a homomorphism 
of right ^4-modules. This concludes the construction of the functor H. 



The Gabriel topology $ ordered by inclusion is a directed set (see remark on p. |14|) . 
From the fact that Ab satisfies Ab5-condition and from the construction of H we deduce 
that H is a left exact functor. Moreover, if M G <S, then P(M) = since t(M) = M. 

Let Q be the canonical morphism from Horn^ (Pj , M/t(M)) into the direct limit 
H(M)(Pi), p : M — > M/t(M) be the canonical epimorphism. Consider a map of ^4- 
modules <3> M M —> H(M) defined as follows. For ^ G i, a G Hom^(P, M) we put 
^m(Pj)(«) = CiP a - Let fi : Pj Pi be a morphism. From construction of the map 
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H(M)(n) it easily follows that the diagram 



Rom A (P i} M) 
Rom A (Pj,M) 



H(M)(p) 

H{M){P 3 ) 



is commutative, and so <Pm is an ^4-homomorphism. It is directly verified that (£>m is 
functorial in M. Thus we obtain a functorial morphism <£> : ImoAA ~~ > H. 
Concerning the functoral morphism <& we prove the following. 

Proposition 2.4. Ker^M and Coker $m belong to S for any right A-module M . 

Proof. As above, we can construct a morphism \P M : M/t(M) — > H(M), ^/(-PX/-*) = 
Qji with /i G Hom_4(Pj, M/t(M)). One analogously varifies that SPm is an ^4-homomor- 
phism. Then from definitions of the morphisms <Pm and &m it easily follows that the 
diagram with exact rows 

► t(M) ► M > M/t(M) 







Ker$ 



M 



M 



H(M) 



is commutative whence one gets t(M) C Ker <Pm- Let us show that \Pm is a monomor- 
phism or equivalently, $m is a monomorphism for any iS-torsionfree object M. Indeed, 
assume that M is iS-torsionfree and let \i : Pi — > M be such that <Pm(P)(aO = 0. 
Then there exists an element ugy such that the restriction /i\ a = 0. But this im- 
plies that a is contained in Ker/i whence Ker /i G ^ (see remark on p. 14), and so 
Im /i £ 5. Because M is iS-torsionfree, it follows that Im/i = 0, that is \i = 0. Thus 
Ker^ M = t(M). Therefore, if H(M) = 0, then M G S. Indeed, we obtain then that 
Ker^ M = M, hence M G S. Therefore H(M) = if and only if M G S. 

It remains to check that Coker^f G «5. Let /i : Pj — > H(M). We suffice to show 
that the ideal // _1 (Im^jvf) is an element of J 1 - Indeed, if p : Pi — > Coker then 
there exists fj, : Pj — > H(M) such that p = Coker $m ° A* since p is projective. Further, 
because the sequence 

— > // _1 (Im<l^) — ► Pi Coker <P A/ 

is exact and /i _1 (Im^f ), by assumtion, belongs to J 4 ; it will follow then that Coker <Pm 
belongs to S. Without loss a generality we can assume that <Pm is a monomorphism 
and identify M with Im$ M . We put b = n~ l (M). 

Let u : a — > M be an ^4-homomorphism representing in the direct limit P(M)(Pj) 
and £ : P, — > P» be such that Im£ C a. Let us consider the following commutative 
diagram 

i-\b) > b ► M 



P 



P 



H(M). 
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Recall that the element //£ is represented by the composed morphism u£ : {a : £} — > M 
(see sequence (|2.2|) ). In view of that Im£ C a, we have {o : £} = Pj, and therefore 
@m(u£) = Since both squares of the diagram are pullback, it follows that the outer 
square is pullback, and so there exists a morphism x : Pj — > £ _1 (b) such that ik = lp. 
whence £ _1 (b) = Pj G p. By T3 we deduce that b6^. □ 



Theorem 2.5. For any right A-module M the module H(M) is S-closed. Moreover, 
the homomorphism <Pm is an S-envelope of M. 

Proof. To begin with, we shall show that H(M) is 5-torsionfree. Let 5 be a subobject 
of H(M) belonging to S, // : P 4 — > 5 and let /x be represented by u : a — > M/t(M) in the 
direct limit H(M)(Pi). Suppose also £ : Pj — > Pj is such that Im£ C Ker /i; then the 
equality /i£ = implies that the image of the composed map u£ : {a : £} — > M/t(M) 
in H(M)(Pi) equals to zero, that is (using the properties of direct limits) there is an 
ideal b G & such that the restriction u(, representing /x£ to b equals to zero, so that 
b C Ker(u£)._ Then Ker(<)_G i.e. Im(<) G 5. But M/t(M) is 5-torsionfree 
whence Im(tt£) = 0, hence u£ = 0. Because this holds for every £ : P, — > Pj such 
that Im£ C Ker/i, we infer that Ker/i C Kerw and since Ker/i G #\ it follows 
that Ker-u is also an element of #\ But in that case, //, being an image of zero 
homomorphism u o Kerti from Hom^Ker u, M/t(M)), equals to zero. Since it holds 
for any /j G Horn^Pj, 5), we deduce that 5 = 0. 

Let us prove that a module M is 5-closed if and only if <Pm is an isomorphism. Indeed, 
if M is 5-closed, then, in view of the preceding Proposition, Ker^f — t(M) = 0, that 
is <£>m is a monomorphism. Since Ext 1 (Coker <&m, M) = 0, there exists a morphism 
a : H(M) — > M such that = 1m, i-e. Coker<?M is a direct summand of H(M) 

and since H(M) is 5-torsionfree, we conclude that Coker^M = that imply <Pm is an 
isomorphism. 

On the other hand, if for M the morphism <&m is an isomorphism, then t(M) = 
Ker <Pm = 0, that is M is 5-torsionfree. Now if we showed that every short exact 
sequence 

— ► M -U N — ► 5 — > 

with 5 G 5 splits, it would follow then that Ext 1 (5, M) = for any 5 G 5 that implies 
M would be 5-closed. To see this, consider a commutative diagram 

► M — ^ N ► 5 ► 



<p 



M 



N 



> H(M) > H(N) > H(S) 

H(i) 

where the bottom row is exact and H(S) = 0. We deduce that H(i) is an isomorphism. 
Hence $ M H(i)~ l ^^i — 1m that implies i is a split monomorphism. 

Thus to see that H(M) is 5-closed for any module M, it suffices to show that 
<&h{m) '■ H(M) — > H(H(M)) is an isomorphism. To begin, let us prove that H(<P M ) is 
an isomorphism. ^From construction of H(M) it follows that H(M) = H(M/t(M)). 
Let p : M — > M/t(M) be the canonical epimorphism. If we apply the functor H to the 
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commutative diagram 



M — M/t(M) 



^M/t(M) 



H(M) H(M/t(M)), 

we obtain H(<P M ) = H{$ M /t{M))- Since H(Coker<P M /t(M)) = 0, it follows that H($ M /t(M)) 
is an isomorphism, and so H(<Pm) is an isomorphism. 

Further, since $ is a functorial morphism, the following relations 

$H(M)$M = H{$ M )$M (2.3) 

and 

$ H 2 {M) H{$ M ) = H 2 (<P M )<P H{M) (2.4) 

hold. Applying the functor H to |D|), one gets H($ H{M) )H(<P M ) = H 2 (<P M )H(<P M ) 
and since H(<P M ) is an isomorphism, one has H(<P H ( M }) = H 2 (<P M ). Then from equal- 
ities (12.4!) it follows that 



$H\M)®H{M) = ®H*(M)H($ M )- (2.5) 

Because H 2 (M) is 5-torsionfree, according to the first part of the proof of the preceding 
Proposition $h 2 (m) is a monomorphism, and so from ( |2.5| ) it follows that $h(m) — 
H(<P M ), that is $h(m) is an isomorphism, hence H(M) is 5-closed. 
In particular, if we consider an exact sequence 

— ► Ker0 M = t(M) — > M ^ H(M) — > Coker$ M — ► 

and apply the exact localizing functor (— one obtains 

M s « (H(M)) S « H(M) 

whence it immediately follows that <&m is an iS-envelope of M. □ 

Suppose now i : Mod A/S — > Mod A is an inclusion functor. The functor H is 
left adjoint to i. An adjunction morphism of % with H is furnished by the functorial 
morphism <P : iMod.A - ► H = ioH constructed above and a quasi-inverse morphism to $ 
is a functorial morphism \P : Hoi — * iMod.A/s defined by the equality \Pm = (^m) _1 for 
all M G Mod^4/5. The fact that ^ r H{M)H{^M) — ^h(m) is deduced from the equality 
^h(m) — H(<&m) proved in the preceding Theorem. The fact that i{&M)&i(M) = ^i(M) 
is trivial, so that H is indeed left adjoint to i. But the localizing functor (— )s is also 
left adjoint to i, and therefore the functors (— )s and H are equivalent. 



3. The structure of localizing subcategories 



The results of this section are of purely technical interest, but they will be needed 
in proving the Popescu- Gabriel Theorem. 

Proposition 3.1. Suppose that C is an abelian category, M. is some class of objects 
ofC,S = {C eC\ c {C,M) = 0, Ext£(C, M) = for all M e M}. Then the following 
assertions hold: 
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(1) S is closed under extensions and S G S if and only if for any M G M., X G C, 
and epimorphism f : X — > S the canonical homomorphism (X, M) — > (Ker /, M) 
is an isomorphism. 

In addition, if C is cocomplete, then S is closed under taking coproducts. 

(2) For S the following conditions are equivalent: 

(a) S is a Serre subcategory. 

(b) S is closed under subobjects. 

(c) S G S if and only if for any M G M., X G C, and morphism f : X —>■ S the 
canonical homomorphism (X, M) — > (Ker /, M) is an isomorphism. 

In addition, if C is a Grothendieck category, then S is a localizing subcategory. 
Proof. (1). Let us consider a short exact sequence in C 

— > S' -U S -U S" — ► 0, (3.1) 
which induces an exact sequence 

-> (S", M) -> (S, M) -> (3', M) -> 

Ext 1 (5", M) -> Ext 1 (5, M) -> Ext 1 (5', M) (3.2) 

If M G and S", S"' G 5, then evidently S G 5, so S is closed under extensions. 

Let 5 6 5, M 6 X 6 C, f : X — ^ 5* be an epimorphism. If we consider an exact 
sequence 

-> (5, M) = -> (X, M) -> (Ker /, M) -> Ext 1 (S, M) = (3.3) 

one obtains (X, M) w (Ker/, M). 

Conversely, consider the identity morphism I5 : 5 — >• S 1 of the object S. Then 
= (Ker Is, M) w (5*, M). It remains to check that Ext^^M) = 0. It suffices to 
show that any short exact sequence 

— ► M P S — >0 

splits. By assumtion for 1m '■ M — ^ M there is g : P — > M such that p/i = 1a/- So /i 
splits. 

In turn, if C is cocomplete, then the fact that S is closed under under taking coprod- 
ucts follows from the functor Ext c (— , M) commutes with direct sums. 
(2). (a) =^ (b) is trivial. 

(b) =^> (c): Suppose that S G S, f : X — > S is an arbitrary morphism; then Im /, by 
hypothesis, belongs to S. Substituting S for Im / in ( |3.3|) , we get that the canonical 
morphism (X,M) — > (Ker/, M) is an isomorphism for all M G A4. The converse is 
proved similar to (1). 

(c) =^ (a): From the first assertion it follows that S is closed under extensions. 
Suppose now that in exact sequence ( |3.1|) the object S G S and / : X — > S', X G C. 
Then Ker / = Ker(i/) whence it easily follows that 5" G S. Further, if we consider 
exact sequence (|3.2|) with 5", S G S, we obtain that also S" G S. 

If C is a Grothendieck category, then S is closed under taking coproducts, and so it 
is a localizing subcategory ||Fa| , Theorem 15.11]. □ 
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3.1. Negligible objects and covering morphisms 

Throughout this paragraph C is assumed to be a Grothendieck category. Let M. be 
some class of objects of the category C; then an object S G C is M. -negligible provided 
that for any M G Ai, X G C, and / : X — > S the canonical homomorphism (X, M) —>■ 
(Ker /, M) is an isomorphism. 

Example. Any localizing subcategory S of C is a subcategory consisting of C/S- 
negligible objects, where C/S is the quotient category of C relative to S, since S = 
(C/S)\ 

Lemma 3.2. The subcategory S of C consisting of At -negligible objects is the largest 
localizing subcategory such that all M E Ai are S -closed. 

Proof. Indeed, if V is a localizing subcategory such that any object M G Ai is P-closed, 
then for any / : X — > S, S G V, the object Im / G V, and hence, if we consider exact 
sequence ( |3.3|) with S = Im/, we get that the homomorphism (X,M) — > (Ker/, M) 
is an isomorphism. Therefore, in view of Proposition |3.1| , S G S, that is V C S. □ 

It is useful to have available the following characterization of .M-negligible objects 
in terms of generators U = {Ui} ie i of the category C. 

Proposition 3.3. An object S is hA-negligible if and only if for an arbitrary finite 
set J and morphism f : Uj = ®jejUj — > S , Uj G U, the canonical homomorphism 
(Uj, M) — > (Ker /, M) is an isomorphism for every M G Ai. 

Proof. The necessary condition is straightforward. Assume the converse. Let us con- 
sider the commutative diagram 

Ki = Ker(/p^) U { — U l = ® ieI Ui 

Si v 

- Ker/ , X y S 

where the bottom row is exact, the couple {Ki, 7^) is the kernel of fpipi, p is an epimor- 
phism, Ui G U for any i G / (here I = [J U€U (U, X)), ^ are the canonical monomor- 
phisms, and Si is a unique morphism that makes the diagram commute. Let M G Ai 
and u : X — > M a morphism such that mp = 0. Then u(pSi = for any i £ /. By 
assumption it follows that upipi = for any i, and therefore up = that implies u = 
since p is an epimorphism. Thus the canonical homomorphism induced by (p 

(X,M)^ (Ker f,M) 

is a monomorphism. 

Consider now a morphism u : Ker / —> M. Then uSi : i^j — > M. Let Aj : Ui — > M be 
such that Aj7i = w<5j. The morphisms Aj induce the morphism A : Uj — > M such that 
Xipi = Xi. 

Suppose now that J is an arbitrary finite subset of /, ipj is the canonical monomor- 
phism Uj — > f//, the couple (i^j, 7j) is the kernel of fpvpj, Sj : JO — > Ker / is a unique 
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morphism such that pipj'jj = <p5j, Xj : Uj 
Aj7j = u5j, and M is the canonical map C/j - 



K, 



6j 



Kerf 



-> M is a unique morphism such that 
Uj, so that V'j = iij^'i- As the diagram 



I7.i 



pi>j 



M 



is pullback and p^j^'fli — P^ili — f^i, there exists a morphism <^ : Ki — > Kj such 
that 7j<5j' = and 5j5[ = 5{. Then we have u5i = uSjS^ = XjjjS^ = Xjtji'ffi. In turn, 
u5i = Ai7i whence, using the hypothesis, we conclude that Xjip'i = Xi for all i e J. But 
also Xipjip'i = Xipi = Xi for all i G J. Consequently, Xj = Xipj. On the other hand, 
since pipj'jj = ipSj and the square from the diagram 

Kerp 



K = Ker(fp) 



-> Kerf 




(3.4) 



S 



is pullback, there exists 5'j : TO — > K such that 7<5j = ijjjjj and <5<5j = <5j. Then 
X'yd'j = Xipj^j = Xj^j = u5j = u55'j, i.e. (if we identify Uj with his image in [//) A7 
coincides with u5 on K H Z7j for all finite J G I. Because [// = ^ C/j, we conclude 
that A7 = m5. From the diagram ( |3.4Q we have then Ax = A7V = m^x 7 . But 
since tpSx 1 = px = and is a monomorphism, it follows that bx 1 = 0. Hence 
Ax = 0, and therefore there is a morphism v : X — > M such that t>p = A. But then 
= up7 = A7 = u5 and since 5 is an epimorphism, it follows that u = vtp as was to 
be proved. □ 

Let S be a localizing subcategory of the category C. We say that the object M G C 
cogenerates S if S = {C G C | C (C, M) = 0}. 

Lemma 3.4. The localizing subcategory S consisting of Ai-negligible objects is co- 
generated by the objects E(M) © E(E(M)/M) where M G M, E(M) (respectively 
E(E(M)/M)) is an infective envelope of M (respectively E(M)/M). 

Proof. Denote by V the localizing subcategory cogenerated by E(M) © E(E(M)/M). 
We need to show that S = V . 

Let M G M. Consider a short exact sequence 

— ► M — ► E(M) — ► E(M)/M — ► 0. 

It induces an exact sequence 

-> (S, M) -> (S, E{M)) -> (5, E{M)/M) -> Ext 1 (5, M) — > 
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for any S G C. If S G S, then Ext 1 (5, M) = and also (S, E(M)) = since M is an 
5-torsionfree object. Therefore (S,E(M)/M) = 0, and hence (S, E(E(M)/M)) = 
that implies S C V . 

On the other hand, suppose S G V; then (S,E(M)/M) = since E(E(M)/M) is 
a 'P-torsionfree object. Hence we obtain that (S,M) = and Ext 1 (S l , M) = that 
means M is P-closed. But S, by hypothesis, is the largest localizing subcategory such 
that any M is 5-closed, hence V C S. □ 

In the proof we made use of the fact that an object M of C is iS-torsionfree if and 
only if the injective envelope E(M) of M is iS-torsionfree. 

We shall say that an object C of the category C is cyclic if there is an epimorphism 
/ : Ui — » C fore some f/j G U. 

Lemma 3.5. Suppose C,D are objects of C; then c(C, E(D)) = if and only if 
c(C, D) = for any cyclic subobject C of C . 

Proof. Easy. □ 



Proposition 3.6. Let Mod A be the category of right A-modules with A the ring of 
finitely generated projective generators {Pi} ie i and let M. be some class of A-modules. 
Then an object S is hA-negligible if and only if for an arbitrary morphism f : Pi — > S, 
Pi G A, the canonical homomorphism (Pi, M) — > (Ker /, M) with M G M. is an 
isomorphism. 

Proof. The necessary condition is straightforward. Let 5" be an arbitrary cyclic sub- 
object of S; then (5", M) = 0. Indeed, there is an epimorphism / : P t — > S' for some 
Pi G A and if we consider a short exact sequence 

— ► Ker / -U P % -L> S' — > 

it will follow then (S',M) = since the homomorphism (i,M), by hypothesis, is an 
isomorphism. Therefore, in view of Lemma |3.5| , (S, E(M)) = 0. 
Consider now a short exact sequence 

— ► M — > E(M) — > E(M)/M — ► 0. 

It induces an exact sequence 

(S', E(M)) -> {S', E{M)/M) -> Ext^S", M) -> 0. 

But (S',E(M)) = (since (S,E(M)) = 0), and hence (S',E(M)/M) w Ext^fi", Af). 
Our proof will be finished if we show that any short exact sequence 

— ► M N 5' — ^0 
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splits and then Ext 1 (£", M) = 0. To see this, let us consider the following commutative 
diagram 

Ker / Ker / 



-> M 







-> M 



-+ ATI s ,p 

/' 
iV 



5' 



9 ft 

where the lower right square is pullback, so that the morphisms /' and it are epimor- 
phisms since / and h are epimorphisms. As P is a projective *4.-module, it follows 
that v is a split monomorphism. Let n' be the canonical projection onto M, that is 
7rV = 1m- By assumtion there exists a morphism /3 : Pj — > M such that 7rV = /3i 
But /9i = /?7ri', and hence — /37r)i' = 0. Then there exists q : N — > M such that 
7r' — /37T = g/' whence 1^ = Tr'^ = 9/'^ = gfi 1 , that is g is a split monomorphism that 
finishes the proof. □ 

Let M. be a class of objects of the Grothendieck category C. We shall say that a 
morphism w : X — > F is M.-covering provided that Coker w is an .M-negligible object. 

Lemma 3.7. Consider a category of right A-modules Mod A with A = {p}j e / a ring. 
Then a morphism u : X ^ Y is Ai-covering if and only if for any Pi G A, M e .M, 
and morphism f : p — > F £/ie sequence 

-> Hoin^P, M) ^> Hom^(Xn y p, M) ^> Honu(Keru, M) 
induced by u and f is exact. 
Proof. Consider the commutative diagram 

Ker(p/) 







-> Kerw 



Ker u 



-> xn y p 

/' 

-> X 



Y 



Coker u 







where the rows are exact, the couple (Ker(p/), h) is the kernel of pf. Because pfu' = 
puf = 0, there exists a unique morphism q : XU Y Pi — > Ker(p/) such that «' = hq. 
We claim that g is an epimorphism. Indeed, let us consider the folowing diagram 



XU Y P t 
f 
X 



Ker(p/) 



Ker p 



■+ Pi 



Y 



Coker u 



26 



GRIGORY GARKUSHA 



where (Kerp, k) is the kernel of p, kn = u, and the middle arrow means a unique 
morphism that makes the diagram commute. As the outer and right squares are 
pullback, it follows that also the left square is pullback. But then the epimorphism 
n : M — > Imu = Kerp implies q is an epimorphism. 

Suppose that u is A4-covering and a : Pj — > M a morphism with au' = 0. Then 
ahq = 0, and so ah = 0, hence a = since Cokerw is A4-negligible. Thus the 
homomorphism (p induced by v! is a monomorphism. Suppose now that a morphism 
a : XllyPj — > M satisfies ai' = 0. Since (Ker(pf),q) is the cokernel of i', we deduce 
that there exists a morphism t : Ker(p/) — > M such that = a. Since Cokerw is 
A4-negligible, there exists I : Pi —> M such that Ih = t. But then lu' = Ihq = tq = a. 

Conversely, suppose the sequence of Lemma is exact and g is an arbitrary morphism 
Pi — > Cokerw. Since Pi is projective, there exists a morphism / : Pi — > Y such that 
pf = g, so that (Ker(pf), h) is the kernel of g. If a morphism a : Pi —>■ M satisfies 
ah = 0, then au' = ahq = whence a = since <£> is a monomorphism. Let now 
(3 G Houu(Ker g, M). Because f3qi' = and Ker?/> = limp, it follows that there exists 
a : Pi —>■ M such that f3q = au', that is f3q = ahq, and therefore f3 = ah. Thus the 
canonical homomorphism Hom^Pj, M) — > Hom_4(Ker 5f, M) is an isomorphism. From 
Proposition |3.6| it follows that Coker u is Al-negligible. □ 

In proving the preceding Lemma we have used the fact that any right A- module M 
has an injective envelope E(M). However there is another way (which does not use 
the existence of injective envelopes) of describing A^-covering morphisms. Namely it 
holds the following. 

Lemma 3.8. An A-homomorphism u : X — > Y of right A-modules X , Y is M.- 
covering if and only if for any finite set of indices J, M e Ai, and morphism f : Pj — 
(BjejPj Y with Pj G A the sequence 

-> Hom^Pj, M) ^ Rom A (XU Y Pj, M) £ Horn^Ker u, M) 
induced by u and f is exact. 

Proof. Our assertion is proved by the slight modification of the proof of the preceding 
Lemma. Namely it is necessary to substitute Pj for Pj in the respective places and 
then apply Proposition |3~3| . □ 

4. Representation of Grothendieck categories 

Consider a Grothendieck category C and fix a family of generators U = {Ui} ie i of C. 
In subsection we have defined a functor T : C — > Mod A = (U op , Ab) which assigns 
to X G C the object (— ,X) (here A denotes a ring of finitely generated projective 
generators h\j i = (— ,C/j), i G I, of the functor category (U op ,Ab)). The following 
result was also obtained by Prest |Prl| . 

Theorem 4.1 (Popescu and Gabriel). Let C be a Grothendieck category with a family 
of generators U = {Ui}i e i, A = {h^ = (—,Ui)}i e i, andT be the functor defined above. 
Then: 

(1) T is full and faithful. 
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(2) T induces an equivalence between C and the quotient category ModA/S, where S 
denotes the largest localizing subcategory in Mod A for which all modules TX = (— , X) 
are S -closed. 



Proof. (1): From Lemma |1.1| it follows that T is a faithful functor. To see that it is full, 



we must show that if X and Y are objects in C and <P : (— , X) — > (— , Y) is a functor, 
then <& is of the form <?(/) = <pf for some <p : X — > F. Denote by ylj = Hom^L^X) 
the set of all morphisms t/j — > X and put yl = U^jAi. For each a G A, we let 
i a : Ui — > f/yi = ©jgyiC/j denote the corresponding injection. There exists a unique 
morphism A : L^i — > X such that Xi a = a for each a & A, and A is an epimorphism 
since U is a family of generators. Similarly there exists a unique morphism /i : U a Y 
such that fii a = <?(a) for each a e yl. Let x : K — > Ua be the kernel of A. We can 
show that /ix = 0, then fi factors as \i = tp\ for some if : X — > Y and for each i <E I, 
a : Ui — > X we get ^(a) = /xi Q = v9Ai a = v?o;, and our assertion would be proved. 

So we need to check that /ix = 0. For each finite subset J of yl and each a G J there 
are canonical morphisms n' a : Uj = (Bi^jUi ^ U a , i' a : U a Uj and ij : Uj — > C/^. 
Let xj : Xj — > Uj be the kernel of the composed morphism Xij : Uj —>■ X. Since K is 
the direct limit of the kernels Kj for all finite subsets J of A, it suffices to show that 
\iijKj = 0. Now for each Ui <E U, (3 : Ui Kj we have, using the fact that $ is a 
functor, that 



«GJ a£J «£j 

= ^(a^xj/3) = ^(^Aiji»j^) = <P(\tjXj/3) = 

since AzjXj = 0. Since this holds for arbitrary (3 : U{ — > i^j, it follows that fiijxj = 0. 

(2): Let 5 be the largest localizing subcategory in Mod *4 for which all modules of the 
form TX = (— , X) are iS-closed. This subcategory exists by Lemmas |3.2| and [3.4| and it 
is cogenerated by the class of injective modules of the form E(TX) © E(E(TX)/TX). 
Let T = {TX}xec'i then the respective T-negligible objects and T-covering morphisms 
will be referred to as negligible and covering respectively, omitting the prefix T. Since 
every module TX is iS-closed, there is a functor X" : C — > Mod^4/<S such that T = 
IT' with i : Mod^4/iS — > Mod A an inclusion functor. We must show that T' is an 
equivalence. Since %T' = T is full and faithful by (1), also T' is full and faithful, and 
thus it suffices to show that every iS-closed module is isomorphic to a module of the 
form TX. 

To see this, for each ^.-module M we choose an exact sequence 

®ieihui (Bjejhu, — > M — > 

with Ui G U, I, J some sets of indices. Then a induces in a natural way a morphism 
(3 : (BieiUi — > (BjejUj in C. To be precise, for each X G C we have a functorial 
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isomorphism 

MX) : Rom A (® i€ ih Ut ,TX) » JjHonu^, TX) 

iei 

^Y[c(Ui,X)^ c (®ieiUi,X) 

iei 

and analogously, one has a functorial isomorphism 

: Kom A (® jeJ hu.,TX) « J] Hom^., TX) 

The morphism a induces the functorial morphism 

C = o (a, -) o VT 1 : c(®jejUj, -) — > e(©ie/^, -)■ 

According to ||BD| , Corollary 1.7], there exists a unique morphism (3 : @i^iUi — > ®jejUj 
such that — ) = £. 

Now let us define M by the exact sequence 

(BmUi © i6 jC^ — > M — >■ 0. (4.1) 

We now apply the functor T' to ( |4.1|) . If we knew that T' preserves colimits, we would 
have then the following isomorphisms 

(®ieih Ul ,®jejh u ,) ~ (@i&T'U h @ j zjT'U j ) 

« (T / (© ie/ E7 < ),T'(© ie ji7 j )) » c(©ie/C/i, ®jejUj) 
and obtain the following commutative diagram in Mod A/S 

®ieihui ©;eJ^ ► Ms ► 

©ie/^t/i ► ® j ejh U] > T'(M) ► 

T'/3=a S 

with exact in Mod .4/5 rows, and that M$ is iS-closed would imply Ms = T'(M). To 
conclude the proof it thus remains to show: 

Lemma 4.2. The functor T' : C — > Mod ^4/5 zs exact and preserves direct sums. 

Proof. First we prove the exactness of T' . The functor T' = (— )$T, where (— )s is the 
respective localizing functor, is obviously left exact, and so it suffices to prove that T' 
preserves epimorphisms. This means that if u : X — > Y is an epimorphism in C, then 
the morphism Tu of Mod A is covering, i.e., in view of Lemma [3.7|, that for any object 
Z of C and Ui G U we have the exact sequence 

-> Hom^(/i c/i , TZ) -> Hom^(/i {/i n ry TX, TZ) -> Hom^Ker Tw, TZ) (4.2) 
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induced by any ^4-homomorphism / : hu i — > TY. Since T is full and faithful and 
hjj. = TUi, we deduce that there exists a morphism g : Ui Y such that / = Tg. 
Therefore we have the commutative diagram 







Ker u 



UiUyX 



X 



Ui 



Y 



-> 



-> 



with exact rows. The short exact sequence 







induces the exact sequence 



Kerw — > UiU Y X 



U 



0-^c(U l ,Z)^ c (U i Tl Y X,Z)^c('Keru,Z) 
and so, since T is fully faithful, we have the exact sequence 

-> Rom A (h Uz ,TZ) -> Hom^(T(f/ i n y X), TZ) -> Honu(T(Ker u), TZ). 
But since T is left exact, T(Kerw) is isomorphic to Ker(Tu), T{UJlyX) is obviously 



isomorphic to HuJ^tyTX and these isomorphisms are functorial. Thus sequences (4.2) 
are exact for all Z G C, Ui G U and now it suffices to apply Lemma pT7 . 

It remains to prove that T' preserves direct sums. Actually we prove a little more, 
namely that it preserves direct unions. Suppose {X 7 } 7er is a directed family of sub- 
objects of X G C such that X 
show that the canonical monomorphism 



J^ 7er X 7 with r some set of indices. We need to 



u 



:^TX 7 



7er 



is covering. Let q be an arbitrary morphism TUi ~^ Cokerw. Since TUi — is a 
projective object of Mod A, there exists a morphism (7 : TUi — ► TX such that q = vg 
where v = Cokeru. Because T is fully faithful, there exists a morphism / : Ui — > X 
such that g = T/. Let X 7 IIx£/i be the fibered product associated to the scheme 

Ui 



X~ 



X 



with w 7 the canonical monomorphism. Since T is left exact, it follows that T^X^TlxUi 
is the fibered product associated to the scheme 

TU 



Tf 

-> TX. 
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We obtain thus that Yl T(X 1 HxUi) is the fibered product associated to the scheme 

7 er 

Tf 

£ TX 7 > TX 

that implies £ T{X 1 U x U i ) « ( £ TX^)U TX TUi. Since 

^ c (x 7 n x ^) » (^ c x 7 )n x ^ = in^c/, « ^ 

and T is fully faithful, one obtains 

Hom^(^T(X 7 n x ^),TZ) » limHom^(T(X 7 n x f/ i ), TZ) 

« lim c ((X 7 n x ^),Z) » c ((^X 7 n x ^),Z) » C (C^,Z) « Hom^(^,TZ) 

7 er 



for all Z G C. Hence we get, in view of Lemma 3.7, that Cokerw is negligible. 



Thus the functor T' is an equivalence. This concludes the proof of the Popescu- 
Gabriel Theorem. □ 

Corollary 4.3. Let C be a Grothendieck category with a family of generators U = 
{Ui} i( zj and M. = {Mj}j €j an arbitrary family of objects of C. Put hi = U U Ai and 
A = {hjj = (— , U)} Ue y. Then the functor T : C — > Mody4. ? TX = (— ,X), defines an 
equivalence between C and the quotient category ModA/S, where S denotes the largest 
localizing subcategory in Mod .4 for which all modules TX are S -closed. 

Proof. It suffices to note that IA is again a family of generators for C (that directly 
follows from definition). □ 

Corollary 4.4 (Popescu and Gabriel |[PG| ). If C is a Grothendieck category, U is a 
generator ofC, then the functor C (U, — ) establishes an equivalence between categories 
C and Mod A/5 with A = End £7 the endomorphism ring of U , S some localizing 
subcategory of Mod A. 

Proof. By Theorem fO| the category C is equivalent to the quotient category of (U op , Ab) 
with U — {U} the family of generators. Since the representable functor hjj is a finitely 
generated projective generator for (U op ,Ab), it follows that (W op ,Ab), in view of the 
Mitchell Theorem, is equivalent to the category of right A-modules Mod A whence our 
assertion easily follows. □ 



Remark. In the proof of Lemma [L2] we essentially used Lemma |3.7| , which uses, in 
turn, the fact that any ^.-module has an injective envelope. There are different ways 
of (independent of Popescu-Gabriel Theorem |[PG| ) proving this fact (e.g. see fFr| , 
Chapter VI] or ||Pop| , §111.3.10]). Nevertheless, Lemma fO| can be easily deduced from 
Lemma |3l| which, as we have noticed on p. BR does not use injective envelopes. To 
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be precise, if we substitute Pi for Pj in the respective places of the proof of Lemma \L2 
with J an arbitrary finite set of indices, our proof will literally repeat given one and 
then the fact that any object X of a Grothendieck category has an injective envelope 
is proved similar to |[BD| , Corollary 6.32]. 

Let V be a localizing subcategory of C. We shall identify C, via the functor T : C — > 
Mod A, A = {hjj^iei, with the quotient category Mod .4/5. According to Proposi- 



tion |L6| there is a localizing subcategory T of Mod A such that T D S and T/S = V . 
Moreover, the quotient category CjV is equivalent to the quotient category Mod.4./T. 

Let # be the Gabriel topology on A corresponding to T. Similar to the category of 
modules, the family = {<3 l } ieI 

& = {X | X c Ui, Ui/X e V} 

we call a Gabriel topology on U. It is easily verified that C $ and 

= ds = {a s | a G d}- 



Proposition 4.5. For a Gabriel topology onlA the following assertions hold: 
TV. UiE® for each iel. 

T2'. If a G & and fi G c {Uj, U), U d G U, then {a : //} = // -1 (a) fceZon^s to J '. 
T3'. Tjf o and b are subobjects of Ui such that a G 0* and {b : fi} G J /or any 
fx G e(^j, f^i) wzt/i Im/i C a, Z7j G iaen b G l . 

Proof. TV: Straightforward. 

T2': Because the left square of the commutative diagram 

► ^(a) > Uj > Uj/fx-^a) > 

► a > Ui ► Ui/a ► 

is pullback, it follows that 5 is a monomorphism. Hence t/ J /// _1 (o) G V since T 3 is 
closed under subobjects. 

T3': Suppose a G 0* and \x : fry. — > h\j i is an ^4-homomorphism such that Im/iCa; 
then a G Because (— )r = ( _ )v(— )s, it follows that 

since Uj/fj,^ 1 ^) G P. Therefore yU _1 (b) G 5 and by T3 we deduce that b G Since b 
is 5-closed, we get that b G 0. □ 

Further, the "P-envelope X-p of an arbitrary object X of C is constructed similar to 
Mod A. Namely, since the localizing functor (— )r factors as (— )r = ( — )-p( — )s, one 
has 

X P (E/i) = X r {Ui) = \im a ^(a,X/t T (X)) = 

U5Joes i (a, X/t P (X)) ss lim as6(S i(a5,X/tp(X)) 

and this isomorphism is functorial in both arguments. Here we made use of the fact 
that trPO = ^PO for any X G C. 
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4.1. Projective generating sets 

Let U = {Ui} ie i be some family of objects of C. By Cu we shall denote a subcategory 
of C consisting of objects generated by U. To be precise, C E C u if and only if there is 
a presentation 

®iUi — ► @jUj — > C — > 

of C by objects from U and say that U is a generating set for C w . When W = {[/} we 
write C[/ — Cu- Clearly Cu = C if and only if W is a family of generators of C. 

To begin, we study categories Cu with W a generating set consisting of projective 
objects. So suppose P is a projective object of C. For any M E Cp there is a projective 
presentation 

©/Pi — ► ©jP, — > M — > (4.3) 
with J, J some sets of indices, Pj = P, = P for all i, j. 

Theorem 4.6. Let C be a Grothendieck category, P some projective object ofC. Then 
the subcategory S = {C E C \ c(P C) = 0} is localizing and the localized object P$ is 
C I ' S -projective and a C /S-generator. Moreover, the localizing functor (-)s induces an 
equivalence ofC/S andCp. 

Proof. To begin, we shall show that S is localizing. Indeed, let 

— >A' — > A — > A" — > 

be a short exact sequence in C. If we apply the exact functor c(P, — ), we shall get a 
short exact sequence of abelian groups 

— C (P, A') — C (P, A) — . C (P, A") — . 

whence it easily follows that C (P, A) = if and only if C (P, A') = and C (P, A") = 
that implies S is a Serre subcategory. Furthermore, if we consider the map 

C (p,eA) ^ C (p,nA) « n^( p .^) = ° 

with G 5 and (/? a monomorpism induced by the canonical monomorphism @Ai — > 
17 A, it will be follow that S is closed under taking coproducts, and therefore S is a 
localizing subcategory. 

In the rest of the proof we shall show that P$ is a projective generator of C/S. First 
let us consider a short exact sequence 

— > A — >B — >C — >0 

in C/S. It induces an exact sequence in C 

— >A — > B — >C — > S — >0 

with S E S. If we apply the exact functor c(P, — ), one gets the following commutative 
diagram of abelian groups: 

► C (P,A) ► C (P,B) ► C (P,C) >0 

> c/s(Ps,A) > c/s(Ps,B) > c/s(Ps,C) ► 
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where vertical arrows are isomorphisms. Therefore Ps is C/iS-projective. 

It remains to check that Ps is a generator of C/S. Let A be an arbitrary object of 
C/S, I = c{P,A); then there exists a morphism u : ©ig/Pj — > A with Pi = P, Ui = i 
for all i e /. We have an exact sequence in C 

©P A — ► Coker u — ► 0. 

Let w : P — > A be an arbitrary morphism. By construction of w we have that ImwC 
Imw, and so there exists a morphism p : P — > ©Pj such that w = up (since P is 
projective) that evidently implies e(P, Coker w) = 0, i.e. Coker u G 5. 
But then, 

u s : (©P) 5 « ©(P) 5 — > ^5 
is a C/iS-epimorphism. Thus any object A G C/«S is a quotient object of ©(P)s whence 
it is easily follows that Ps is a generator of C/S. 

Now let us show that the restriction of (— )s to Cp defines an equivalence of C/S and 
Cp. For M G C there is an exact sequence of the form (|1.1|) 

— ► A' — ► M M s — > A" — > 
with A', A" G iS. Hence A induces an isomorphism: 

C (P, M) « C (P, M 5 ) « c/lS (Ps, M 5 ). (4.4) 

But then we have that 

c(©P, M) » J] C (P, M) » C (©P, M 5 ) w c /s(®(Pi)s, Ms) 

with Pj = P for any i & I. Now, if we consider projective presentation ( |4.3| ) for 
M G Cp, we obtain a commutative diagram 

> C (M,N) ► c(ePi,iV) ► c(©P,iV) 



. c (M,iV 5 ) > c(®Pj,N s ) > c(®Pi,N s ) 

with exact rows and vertical arrows isomorphisms. Thus, 

C (M, N) « C (M, 7V S ) « C/S (M S , N s ) 

that implies (— )s\c P is a fully faithful functor. Finally let iV G C/S. Consider a 
C/iS-projective presentation of iV 

®(Pi) s ®(P,-)s — ^ — ^ 
where P, = P,- = P. Then there exists (3 : ©p — > ©P,- such that a = Ps, hence 
N w (Coker /3)s, as was to be proved. □ 



Corollary 4.7. Under the conditions of Theorem \4-o] the quotient category C/S is 
equivalent to the quotient category Modv4/P ; where A = EndP is the endomorphism 
ring of P, V is some localizing subcategory of Mod A. 



Proof. It suffices to note that isomorphisms ( |4.4| ) induce a ring isomorphism 

A = C (P,P)^ C (P, P s ) » C/S (P S , P 5 ). 
Now our assertion follows from Corollary |4.4j since Ps is a generator for C/S. □ 
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Now we consider an arbitrary family of projective objects U = {Pi}i e i and let Cu be 
the category generated by U. 

Corollary 4.8. Let C be a Grothendieck category and U = {Pi}iei some family of 
projective objects of C. Then the subcategory S = {C G C \ c(P, C) — for all P EU} 
is localizing and C/S is equivalent to the quotient category yio&A/V, where A = 
{hp}p £ u, V is some localizing subcategory of Mod A. Moreover, the localizing functor 
(— )$ induces an equivalence of C/S andCu- 

Proof. Denote by Q = ©p e ^-P; then S = {C G C \ c(Q, C) = 0}. ^From the preceding 
Theorem it follows that S is localizing and that Qs = ®pmPs is a C/5-projective 
generator that implies Us = {Ps \ P G U} is a family of projective generators of C/S. 

In view of isomorphisms ( |4.4| ), there is an equivalence of U and Us- Now our assertion 
follows from Theorem [O} □ 



Remark. Under the conditions of Corollary |4.8| the localizing functor {—)s factors 
through Cu 

C ^_C/5 




C, 



u 



where G is a restriction of (—)s to Cu and F is constructed as follows. Let C G C 
and / = Up e ^/p with I P = C (P, C); then there is a morphism <p : ©^e/P^ — > C, 
(fn = /i. Similarly, there is a morphism ip : ® v ejPv — > Kery? with J = Up e uJp, 
Jp — c(-P) Ker</?), so that we have the commutative diagram: 



KejPu ¥ ®fi£iPfM ► C 




Ker(p 

with i = Kenp. By definition we put F{C) to be equal to Coker^. 

Following notation of section |2], given A = {Pi}iei a family of finitely generated 



projective objects of C, the category C4 is denoted by Mod A. By Proposition [O 
ModA^ (A op ,Ab). 

Theorem 4.9. Suppose C is a Grothendieck category and A = {P{}i & i is some family 
of finitely generated projective objects of C. Then the subcategory S = {C G C \ 
c{Pi,C) = for all Pi G A} is localizing and As = {(Pi)s}i&i is a family of finitely 
generated projective generators of the quotient category C/S. Moreover, the localizing 
functor (-)s induces an equivalence of C/S and Mod A. 



Proof. By Corollary [4 . 8| is a family of projective generators for C/S. It thus remains 
to show that every (Pi)s G As is C/5-finitely generated. 

To see this, we consider an object X of C/S. Let {Xj}j Gj be a directed family of 
C/5-subobjects of X such that X = J2c/s-^j- Because Xj are also C-subobjects, it 
follows that the C-direct union Ylc is a subobject of X and the quotient object 



GROTHENDIECK CATEGORIES 35 

A = X/^2 e Xj belongs to S. Indeed, if we apply the exact localizing functor (— )s 
commuted with direct limits to the short exact sequence 

o — ► J2 C x 3 — " x — " A — > 

we shall obtain then the short exact sequence 

— (£ c = T, c/ s X > — ^ X — ^ As — ^ °- 
Whence A$ = 0, that is A G 5. For any Pj G ^4 one has then 

Thus, 

By Theorem |T| (P;) s G fgC/«5. 

The fact that the localizing functor (— )s induces an equivalence between C/<S and 
Mod ^4 is proved similar to Theorem |4.6| . □ 



Corollary 4.10. [|GG1| , Theorem 2.1] Let C be a Grothendieck category and P be some 
finitely generated projective object of C. Then the subcategory S = {C G C \ c(P, C) = 
0} is localizing and the functor c/s(Ps, — ) gives an equivalence of categories C/S and 
Mod A with A = EndP the endomorphism ring of the object P. 

Proof. According to the preceding Theorem the localized object P$ is a finitely gener- 
ated projective generator, and so, in view of the Mitchell Theorem and Corollary |4.7| , 
the quotient category C/S is equivalent to the category of modules over the ring 
A = End c P. □ 

Example. Consider the category of generalized right A-modules Ca = (mod A op , Ab). 
Let M G modA°P, R = End A M and S M = {F e C A \ F(M) = 0}. By Corollary [O0j 

there exists an equivalence of categories Ca/Sm Modi? where h(Fs M ) = Fs M {M) = 
F(M) for any F G C A - A quasi- inverse functor to h is constructed as follows: g : 
ModP -> Ca/Sm, E A ((M,E) ® A ~)s M - In particular, given F G C A , there is an 
isomorphism F Sm « ((M,F(M)) <g) A -)s M - 

Suppose Mod A, A = {Pj}j e /, is a category of right A-modules and for any Pi G A 
we put 

Si = {M G Mod .4 | Hoin^P, M) = 0}. 

By Corollary |4.10| Mod A/ Si ~ Mod Ai with A4 = End p. We consider this equivalence 
as identification. Then the following inclusion holds: 

|J Mod Ai C Mod A 

Pi&A 

Generally speaking, as it shows the next example, categories of A-modules Mod Ai do 
not cover Mod A intirely. 
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Example. Consider the category of generalized abelian groups %C = (modZ, Ab). It 
has been said in section 1 that the functor Mh-®M identifies pure injective abelian 
groups and injective objects of %C. By Kaplansky's Theorem |[Kap|| , indecomposable 



pure injective abelian groups Zg z C are precisely abelian groups of the form: 

1. The injective modules Q and, for every prime p, the Priifer groups Z p oo 

2. Every cyclic group Z p n of order a prime power. 

3. For every prime p, the p-adic completion Z p = lim Z p n of the intergers. 
Ziegler [|Zgr|| has shown that a similar argument holds for Dedekind domains. 



Let Sm = {C G %C | C(M) = 0} with M G modZ. As any finitely generated abelian 
group is isomorphic to Z®" 1 © Z® fc ra with p\ . . . p n prime, it suffices to show that the 

relation 

ModZ|J[ |J ModZ p »]£ z C 

p is prime 



holds. According to f|GGl|, Corollary 2.4] - <g> Q G Zg z C belongs to %CjS M ~ Mod Am 
with Am = EndM if and only if Q « Hom^ M (M, E), where E is an indecomposable 
injective A M -module and in this case E « M © Q. Clearly that Q, Z pOQ e zC/Sz and 
Z p n e %,C/Sz p n- However Z p does not satisfy the indicated condition. Indeed, it is not 
an injective abelian group, and therefore — <8> Z p ^ z C/Sz- Because for prime p ^ q the 
object (Z p , — ) G Sz q n and Z p <g> Z p ^ Z p ^ 0, it follows that ts z n (— <8> <5) 7^ where 
t5 z n is an 5^ -torsion functor. Hence, in view of Lemma |TT5| , — <g> Z p ^ zC/Sz qn . 
Finally — <8> Z p ^ i£ /Si pn since (Z p «, Z p n ® Z p ) ~ Z p n 96 Z p . 



5. FlNITENESS CONDITIONS FOR LOCALIZING SUBCATEGORIES 



Let S be a localizing subcategory of the Grothendieck category C. In this section, 
we shall investigate how various finiteness properties of S are reflected by properties of 
the family of generators U = {Ui} ie j of C. We study the precise conditions on U which 
make the quotient category C/S into e.g. a locally finitely generated category. 

Let us consider an inclusion functor i : C/S — > C. We say that S is of prefinite type 
(respectively of finite type) provided that i commutes with direct unions (respectively 
with direct limits), i.e. for any iS-closed object C and any directed family {Ci}i of 
5-closed subobjects of C the relation 

holds (respectively lim c/sCi = limcCj). It should be remarked that if S is of prefinite 
type, then in particular every direct sum of iS-closed objects is iS-closed. Recall also 
that a subcategory B C A of an abelian category A is exact provided that it is abelian 
and the inclusion functor of B into A is exact. 

Proposition 5.1. [ (Fr| , Theorem 3.41] A subcategory B of A is an exact subcategory if 
and only if the following two conditions hold: 

(1) If B\, B 2 G B then the coproduct B 1 © B 2 is an object of B. 

(2) If (3 : Bi — » B 2 is a morphism in B, then both the A-kernel and A-cokernel of (5 
are objects of B. 
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Finally a subcategory B of an abelian category A is called coexact provided that the 
perpendicular subcategory 

B ± = {AeA \ (B, A) = 0, Ext 1 (5, A) = for all B G B} 

is exact. For example, if C is a Grothendieck category, S C C is localizing, then S is 
coexact if and only if the quotient category C/S is exact because C/S = S^. Note also 
that any quotient category C/S is coexact since S = (C/S) 1 - is an exact subcategory. 

Proposition 5.2. If S C C is a coexact localizing subcategory, then for any projective 
object P ofC the object P$ is C/S-projective. If, in addition, C has a family of projective 
generarors A = {Pi}^ and any (Pi)s is C/S-projective, then S is coexact. 

Proof. If S is coexact, then any short exact sequence 

— ► A — >B^C — >0 (5.1) 

in C/S is also exact in C. Suppose P G C is projective; then we have the following 
commutative diagram 

> C (P,A) > C (P,B) C {P,C) >0 



► c/s(Ps,A) ► c/s{Ps,B) > c/s(Ps,C) > 

(Ps,P) 

with exact rows and vertical arrows being isomorphisms. Hence P$ is C/iS-projective. 

Conversely, we need to show that any C/5-epimorphism is C-epimorphism. Consider 
exact sequence (|5.1| ). By Lemma C/Imc/3 G S. By assumption the morphism 
(Ps,/3) is an epimorphism, where P £ A, hence (P,(3) is an epimorphism. Therefore 
(P, C/Imc j3) = for every P G A that implies C/Imc /3 — since ^4 is a family of 
generators. □ 

The following statement charecterizes coexact localizing subcategories of (pre)finite 
type. 

Proposition 5.3. For a coexact localizing subcategory S of a Grothendieck category C 
the following assertions are equivalent: 

(1) S is of finite type. 

(2) S is of prefinite type. 

(3) The inclusion functor i : C/S —>■ C commutes with coproducts. 

Proof. (1) =^> (2) (3): Straightforward. 

(3) =3- (1): Let \im c /sCi be a C/5-direct limit of G C/S, i G I. Denote by A the 
subset of I x I consisting of pairs with i < j and for any A G A we put s(A) = i, 
t(A) = j. By [gtn], Proposition IV.8.4] 

Ih^c/sQ = Coker c /5 [©Ae/iCs(A) ©ie/Cj] 

with induced by (y9 A = - m : C s{A) -> ©ie/Cj, A = (i, j) and 7^ : C s(A) C t(A) 
the canonical morphism. By hypothesis the inclusion functor C/S — > C is exact and 
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commutes with coproducts, and so we obtain 

\im c/s Ci = Coker c [© Aey iC s(A) Q) ieI d] = lim c C, : 
as was to be proved. □ 

Lemma 5.4. Let C be a Grothendieck category andS a localizig subcategory ofC. Then 
the S -torsion functor t = t$ commutes with direct limits if and only if any C- direct limit 
of S -closed objects is S-torsionfree. 

Proof. Suppose that t commutes with direct limits. Let us consider an exact sequence 

— > t(lim c Cj) — > lim c Cj -^-> lim c /sQ 

with Cj G C/5, A an iS-envelope of limC*,. Applying the left exact functor t, we have 

t(t(\\mCi)) = t(\\mCi) = \imt(Ci) = 

since t{Cj) = 0. So lim c Cj is 5-torsionfree. 

Conversely, let {Cj}/ be a direct system of objects from C. As above, there is an 
exact sequence 

— > t(d) (Ci) s . 
Because the direct limit functor is exact, one gets an exact sequence 

— ► \jmt(Ci) — > limCi — ► \im(Ci) s . (5.2) 

Since S is closed under taking direct limits, it follows that limi(Cj) G S. Now, if we 
apply t to sequence ( |5.2|) , one obtains 

lim^Ci) = t(\imt(d)) = t(\jmCi) 

since t(\im(C l ) s ) = 0. □ 

Let be a Gabriel topology on U corresponding to S. By a basis for the topology 
& we mean a subset 03 of <25 such that every object in & contains some b G 03. 

Theorem 5.5. Let C be a locally finitely generated Grothendieck category with the 
family of finitely generated generators W C fgC and suppose that S is a localizing 
subcategory of C. Then the following conditions are equivalent: 

(1) S is of prefinite type. 

(2) For any U G U the natural morphism \\m c {U, Cj) — > c(U, Ylc/s ^i) induced by the 
S- envelope A of^2 c Ci is an isomorphism. 

(3) Us = {Us}ueu is a family of C /S -finitely generated generators for C/S. 

(4) If C is C-finitely generated, then C$ is C / 'S -finitely generated. 

(5) The torsion functor t commutes with direct limits. 

(6) Any C-direct limit of S- closed object is S-torsionfree. 

(7) has a basis of finitely generated objects. 

Thus C/S is a locally finitely generated Grothendieck category and in this case, any 
C/S-finitely generated object D is a localization C$ of some C G fgC. 
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Proof. Equivalence (5) (6) follows from Lemma [5A 

(1) =>■ (2): By definition Yc/s^i — Yc^i- Now our assertion follows from Theo- 
rem II. 



(2) =>- (3): Let A : Yc Yc/s Q be an iS-envelope of Yc Then the composed 
map 

Hm C (U, Q) C (17, ^ C,) ^ C (17, E c/5 Ci) 
with $ the canonical morphism is, by hypothesis, an isomorphism. Hence, 

iim c/5 (c/ 5 ,a) «ijm c 07,a) « c (t/,^ c/5 a) « c/ 5(c/ s ,^ c/s a). 

By Theorem |L8| L^s G fgC/S. 

(3) =>- (4): If C G fgC there is an epimorphism 77 : ffi™ =1 t/j — > C for some U\ . . .U n E 
W. Since ©™ =1 (^) 5 G fgC/«S, it follows that C 5 G C/5. 

(4) =>> (7): Suppose a E <3, that is a 5 = Us for some U ElA. Write = X^c a » 
as a directed sum of C-finitely generated subobjects dj. Then Us = Yc/s( ai )s- By 
assumtion there is i such that Us = {&i )s, an d hence a io E <25. 

(7) =>- (1): First let us show that Us E igC/S where U E U. Indeed, suppose 
Us = Yc/s a ^ then a = A^ 1 (^] c Qj) = ^ c A^ 1 (oj) G & with Xjj an iS-envelope of U. 
By assumtion there is a finitely generated subobject b of a such that b E (&. Then 
there is io such that b C A^ 1 (aj ). One has 

Us = b s C (Ar J 1 (oi )) 5 C a, C C/ 5 . 

So dj = t/s that implies t/5 G fgC/S. 
Further, the isomorphism 

«!jS}<:/«(fs,a) »limc(C,C,) «= ^ C 4 ) 

is functorial in [/, and so Xle/s ^ = 

(1) =>- (6): The direct limit hm/Cj may be described as a quotient object of a 
coproduct ©/Cj. To be precise, let i? be the subset of I x J consisting of pairs (2, j) 
with z < j and for each S C i? we put 

C 5 = 2J Im ( M i - M i7ii) ^ 
(*d)e5 

where itj : Cj — > ©Cj is the canonical monomorphism for i E I, : Cj — > Cj is 
the canonical morphism for i < j. Then lim Cj = ©Ci/C^ = ©Cj/^Cs, where 5 
runs over all finite subsets of R. By assumtion both ©Cj and Y C% are 5-closed, and 
therefore limCj, as a quotient object of iS-closed objects, is iS-torsionfree. 

(5) =>- (1): Suppose that X is iS-closed. Write X = Yc/s Xi as a direct union of S- 
closed subobjects. Then X/Y c x i = K X /J2c X i) = t{Yx§ e X/Xi) = hmt(X/JQ) = 
since t(X/Xi) = 0. Thus Yc/s Xi = Yc Xi - 

In turn, let D E igC/S. Write D = Yc-Di as a directed sum of Di E fgC. Then 
D = D s = Yc/s( D i)s whence D = (D io ) s for some i . □ 
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Proposition 5.6. Let C be a locally finitely presented Grothendieck category with the 
family of finitely presented generators U C fpC. Then the following conditions are 
equivalent: 

(1) S is of finite type. 

(2) For any U G U the natural morphism hm c (U,Ci) —> c {U, fim c/sQ) induced by 
the S- envelope A of lim cCi is an isomorphism. 

(3) Us = {Us}ueu is a family of C / 'S -finitely presented generators forC/S. 

(4) If C is C-finitely presented, then Cs is C/S-finitely presented. 

Thus C/S is a locally finitely presented Grothendieck category and in this case, any 
C/S-finitely presented object D is a localization Cs of some C G fpC 

Proof. It suffices to note that for each C G fpC the representable functor (C, — ) com- 
mutes with direct limits (see Theorm |1.9|) and there is a presentation 



UUi — > ©"Li^i — ► c — > 



of C by objects from W; and then our proof literally repeats Theorem p75 . 

In turn, if D G fpC/5 there is an epimorphism rj : 5^ — ► D with i? G fpC; then 
Kerry G igC/S. According to |Hrzj , Lemma 2.13] we can choose CCi? such that 



C G fgC and C 5 = Kerr/. Hence D = (S/C) 5 . □ 

Now let us consider a localizing subcategory 5 of the module category Mod A with 
A = {Pi}^ a ring. Then the family As = {Ps}peA generates Mod A/S and we call 
it the ring of quotients of A with respect to S. 

There is a naturally defined functor j : Mod A/S — > Mod As = (-4!s\ Ab): 

Hom^(P 5 ,j'(M)) := Hom^(P,M) 

for every P £ A and M G ModA/5. The next assertion is an analog of the Walker 
and Walker Theorem (see ||Stm| , Proposition XI.3.4]). 



Proposition 5.7. The functor j : Mod A/S — > Mod As is an equivalence if and only 
if the localizing subcategory S is of finite type and coexact. 

Proof. Suppose j is an equivalence. Then every Ps finitely generated and projective in 
Mod A/S. By Proposition S is coexact and by Proposition [5.6| it is of finite type. 
Conversely, let S be of finite type and coexact. By Proposition E72] every Ps is 



projective in Mod A/S and by Proposition |5.6| it is finitely generated in Mod A/S. 



Now our assertion follows from Proposition EO. □ 



5.1. Left exact functors 

Let C be a locally finitely presented Grothendieck category. By Theorem [LI] the functor 
T : C — > Mod A with A = {/^xjxefpc induces an equivalence of C and Mod A/S where 
S is some localizing subcategory of Mod A. Let J = {$ x }x&pc be the respective 
Gabriel topology on A. 

Denote by L the subcategory of Mod A consisting of L G Mod A such that for any 
x G L(X), X G fpC, there exists an epimorphism / : Y — > X such that L(f)(x) = 0. 
It is directly verified that £ is a localizing subcategory. 
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Lemma 5.8. If X' A X A X" -> zs an exact sequence in fpC, then Coker(T/) G £. 

Proof. Let F G fpC and y G Coker(T/)(F); then there is a morphism (7 G c(F, X") 
such that u y = r o Tg, where r : fox" ~~ ► Coker(T/) is the canonical epimorphism and 
u y,Y^y) = V- Consider in C the commutative diagram 

XTlx»Y — F 



X ► X" 

/ 

in which /' is an epimorphism. Because F G fp C, there is a finitely generated subobject 
Z' of XIlx"F such that f'(Z') = Y. There exists an epimorphism h : Z — > Z' with 
Z G fpC So /'/i is an epimorphism. It is easily seen that Coker(Tf)(f'h)(y) = 0, 
hence Coker(T/) G £. □ 

Recall that the functor M G Mod A, A = {hx}xefpc, is left exact if for any exact 
sequence 

X' — > X — > X" — > 
in fp C the sequence of abelian groups 

— > M(X") — > M(X) — ► M(X') 

is exact. 

Proposition 5.9. Every left exact functor M G Mod A is C-closed. 

Proof. Let M : fpC — ► Ab be a contravariant left exact functor, X G fpC and 
x G M(X) such that Keru x G ^ . Here u x denotes a unique morphism such that 
u x ,x(lx) — x - Then there exists an epimorphism / : F — > X in fpC such that 
M(f)(x) = 0. But M(f) is a monomorphism of abelian groups and thus x = 0. So M 
is £-torsionfree. 

Now let a G $ x and g : a — > M a morphism in Mod .A. There exists an epimorphism 
/ : F — > X such that Im(T/) C a. By Lemma |5.8| Im(T/) G $ x . One has a morphism 
g o T/ = i : hy — > M. Since Ker / G fgC, there exists an epimorphism Z — > Ker / and 
thus one gets an exact sequence 

Z F -^-> X — ► 0. 
We have the following commutative diagram of abelian groups: 

> ^ hy(Y) hy(Z) 



ty 



t Z 



* M(X) > M(Y) ► M(Z) 

M(/) Af(p) 

So, 

(M( P )ty)(ly) = (t Z hy( P ))(ly) = ( 9z (Tf) Z hy (p) ) ( ly ) = = 0. 

Then there exists an element x G M(X) such that M(f)(x) = ty(ly) = (gTf)y(l^ 
gy(f)- Thus u x \i m (Tf) = g\im(rf)- Since Im(T/) G ^ x and M is £-torsionfree, it follows 
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that u x \ a = g. Thus u x : hx — > M is a morphism prolonging g. The uniqueness of u x 
follows from the fact that M is £-torsionfree. So M is ^-closed. □ 

Define Lex((fpC) op , Ab) to be the category of contravariant left exact functors from 
fpC to Ab. So, we are now in a position to prove the following result. 



Theorem 5.10 (Breitsprecher RBr|| ). Let C be a locally finitely presented Grothendieck 



category. The representation functor T = c(— , ?) : C — ► ((fpC) op ,Ab) defined by 
X i — > (—,X) is a natural equivalence between C and Lex((fpC) op , Ab). 

Proof. Our assertion would be proved, if we showed that S = C Because for every 



X G C the functor T(X) is left exact, in view of Proposition |5l^, it follows that T(X) 
is £-closed, and so C C S. Conversely, let M G S. We can choose a projective 
presentation of M 

®h Yl @h Xi — > M — ► 0. 

By Proposition ^]6| S is of finite type, and so any coproduct of iS-closed objects is an 
iS-closed object. Therefore there exists a morphism / £ MorC such that Tf = g. 
Furthermore, / is an epimorphism in C since M$ = 0. Thus, without loss of generality, 
we can assume that for every M G S there is an exact sequence 

TY 11+TX — ► M — ► 0, 

where / is a C-epimorphism. 

According to ||Kr3| , Lemma 5.7] / is a direct limit f a :Y a ^ X a of epimorphisms 



f a in fpC, and soMk lim CokerfT/a,). By Lemma |5i| every Coker(T/ a ) G £, hence 
M G C. □ 

The next result describes localizing subcategories of finite type of a locally coherent 
Grothendieck category. 

Theorem 5.11. Let C be a locally coherent Grothendieck category with the family of 
coherent generators U C cohC. Then the following conditions are equivalent: 

(1) S is of finite type. 

(2) S is of prefinite type. 

(3) The torsion functor t commutes with direct limits. 

(4) Any C-direct limit of S -closed objects is S-torsionfree. 

(5) For any U G U the natural morphism ljm.c(U,Ci) — > c(U, hm cisCj) induced by 
the S -envelope A of lim c,Ci is an isomorphism. 

(6) Us = {Us}ueu is a family of C/S-coherent generators for C/S. 

(7) If C is C-coherent, then Cs is C/S-coherent. 

(8) has a basis of coherent objects. 

Thus C/S is a locally coherent Grothendieck category and in this case, any C/S- 
coherent object D is a localization Cs of some C G cohC 



Proof. (1) =>■ (5): It follows from Proposition p.6| . 

(5) =3- (6): By Proposition |5l] Us C ipC/S. Let us show that for any U G U 
the object Us is coherent. Let C C Us be C/5-finitely generated subobject of Us- 
From ||Hrz| , Lemma 2.13] it follows that there is a C-finitely generated subobject A C U 
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of U such that As = C. Since U is coherent, the object A G cohC. By Proposition ^]6] 
A s ei v C/S. 
(6) =s> (7): Easy. 



(7) =>- (1): S is of finite type by Proposition ^TG 
(2) (3) ^ (4): It follows from Theorem [5l| 



(2) <^ (8): Since any finitely generated subobject of a coherent object is coherent, 



our assertion follows from Theorem [575 . 
(1) =^> (2): Straightforward. 



(3) (1): It follows from JKFI], Lemma 2.4]. □ 



As in |Hrzj ] for an arbitrary subcategory X of C, denote by X the subcategory of C 
consisting of direct limits of objects in X . Herzog | [Hrz| ] and Krause [ |Krl| observed 



that localizing subcategories of finite type in a locally coherent category are determined 
by Serre subcategories of the abelian subcategory cohC. Namely it holds the following. 

Theorem 5.12 (Herzog and Krause). Let C be a locally coherent Grothendieck cate- 
gory. There is a bijective correspondence between Serre subcategories V of coh C and 
localizing subcategories S of C of finite type. This correspondence is given by the func- 
tions 

Pi >V 

S i — > coh S = S fl coh C 

which are mutual inverses. 

Later on, given a Serre subcategory V of cohC, the "P-torsion functor will be denoted 
by t v . 

Recall that an object C G C of a Grothendieck category C is noetherian if any 
subobject of C is finitely generated. C is called locally noetherian if it has a family of 
noetherian generators. In that case, the relations 

fg C = fp C = coh C 

hold. If in addition C is a locally finitely generated, it is locally coherent and any 
localizing subcategory S of C is of finite type. Any X G S is a direct union J2iei ^ °f 
objects Xi G fgC fl S = cohC fl S = coh S. Furthermore, any quotient category C/S is 
locally noetherian with a family of noetherian generators {Cs}c&cohc- 



5.2. The Ziegler topology 



The study of pure-injective (= algebraically compact) modules over different classes of 
rings plays an important role in the theory of rings and modules. It goes back to Cohn 
and has been further developed by various mathematicians. Because pure-injective 
modules can be defined, using some condition of solvability (in this module) of linear 
equations systems, many problems of (algebraic!) structure of pure-injective modules 
admit reformulations using concepts of the model theory. It is such an approach that 
led Ziegler 



to construction of the topological space ("The Ziegler spectrum") 
whose points are indecomposable pure-injective modules. Recently Herzog | |Hrz] | and 
Krause |[Krl|| have proposed an algebraic definition of the Ziegler spectrum. 
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Let C be a Grothendieck category with the family of generators U. We denote by 
ZgC the set of isomorphism classes of indecomposable injective objects in C and call 
ZgC the Ziegler spectrum of C. The fact that ZgC forms a set follows from that 
any indecomposable injective object in C occurs as the injective envelope of some in- 
finitely generated object X G fg^C and fg^C is skeletally small. It will be convenient 
to identify each isomorphism class with a representative belonging to it. If S is a 
localizing subcategory in C, the assignment X \— > E(X) induces injective maps ZgS — > 
ZgC and ZgCjS — > ZgC. We consider both maps as identifications. They satisfy 
Zg 5 U Zg C/5 = Zg C and Zg 5 n Zg C/S = EM Corollaire III.3.2] . 



Now let C be a locally coherent category, i.e. U C cohC. To an arbitrary subcategory 
X C cohC, we associate the subset of ZgC 

O(X) = {EeZgC\ C (C, E)^0 for some C G cohC}. 

If X = {C} is singleton, we abbreviate O(X) to 0{C)\ thus O(X) = U Ce xO(C). 

We restrict the discussion to subcategories of the form 0(S) where S C cohC is a 
Serre subcategory. In that case, 

O(S) = {EeZgC\t s (E)^0}. 



Theorem 5.13 (Herzog |[Hrz and Krause [ Krl |). For a locally coherent Grothendieck 



category C the following assertions hold: 

(1) The collection of subsets of ZgC 

{0(S) | S is a Serre subcategory} 

satisfies the axioms for the open sets of a topological space on ZgC. This topological 
space we call the Ziegler spectrum of C too. 

(2) There is a bijective inclusion preserving correspondence between the Serre sub- 
categories S of cohC and the open subsets O of ZgC. This correspondence is given by 
the functions 

S ^ 0(S) 
O^S = {C G cohC | 0{C) C O} 

which are mutual inverses. 

Recall that a topological space X is quasi-compact provided that for every family 
{Oi}i<zi of open subsets X = U^iOi implies X = U^jOi for some finite subset J of 
/. A subset of X is quasi-compact if it is quasi-compact with respect to the induced 
topology. 

By [ |Hrz| , Corollary 3.9] and [ |Krl| , Corollary 4.6] an open subset O of ZgC is quasi- 



compact if and only if it is one of the basic open subsets 0{C) with C G cohC. 

Serre subcategories S of cohC arise in the following natural way. An object M G C 
is coh-injective if Ext c (C, M) = for each C G cohC. Then the subcategory 

S M = {C e cohC | C (C, M) = 0} 

generated by M is Serre. Moreover, every Serre subcategory of cohC arises in this 
fashion fHrzj , Corollary 3.11]. 
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Examples. Here are some examples of the Ziegler-closed subsets: 

(1) Let C be a locally coherent Grothendieck category; then the functor category 



((cohC) op , Ab) is locally coherent. By Theorem |5.10| the category C is equivalent to 
Lex((cohC) op , Ab) = ((cohC) op , Ab)/£, where £ is a Serre subcategory of coh((cohC) op , Ab) 
consisting of objects isomorphic to Coker(/z, — ) for some epimorphism \l : A — > B in 
cohC. Thus ZgC is closed in Zg((cohC) op , Ab). 
(2) If C = Ca, the Ziegler spectrum of Ca 

ZgCA = {Q ®a — I Qa is an indecomposable pure-injective module}. 

We notice that ZgC^ is quasi-compact since ZgC^ = 0(A® A —)■ Prest, Rothmaler 



and Ziegler have shown ||PRZ| , Corollary 4.4] (see also ||GG1| , Theorem 2.5]) that the 



ring A is right coherent if and only if the set 

/i n j = {Q ®a — € ZgC^ | Q is an injective module} 

is closed in ZgC^. 

(3) If A is left coherent, from [ |GG2| , Theorem 2.4] it follows that 

-fflat = {Q ®a — G ZgC^ I Q is a flat module} 

is closed in ZgCA- 

Recall that the ring A is weakly Quasi-Frobenius if the functor Hom^— ,A) gives a 
duality of categories mod A op and mod A. Weakly Quasi-Frobenius rings are described 
as (two-sided) coherent absolutely pure rings ||GG2| , Theorem 2.11]. Over weakly 
Quasi-Frobenius rings J in j = Jfl at . And backwards, if A is a (two-sided) coherent ring 
and J in j = /flat, then A is a weakly Quasi-Frobenius ring (see ||GG2| , Corollary 2.12]). 

(4) Let p : A — > B be a ring homomorphism; then p induces the exact functor 
p* : coIiCa — > coliCe- If p is an epimorphism of rings, then the map Mb i— > Ma 
induces a homeomorphism ZgC# — > ^Ca\0{S) with S = Kerp*. Thus ZgCe is 
closed in ZgC^ [[Pr2|, Corollary 9]. 

6. Categories of generalized modules 

The most important notions and properties of the category of generalized A-modules 
Ca can be easily extended to an arbitrary functor category Mod A = (*4° p ,Ab). The 
model-theoretic background can be found in Bur , Pr3 |. In this section, for the most 
part, we adhere to the reference ||Hrz . 



6.1. Tensor products 

Let Modv4 be the category of right .4-modules with the family of finitely generated 
projective generators A = {Pj}j £ /. According to Proposition ^]2| Mod A ~ (*4° p , Ab). 
We refer to the functor category (A, Ab) as a category of left A-modules and denote 
it by Mod^4 op . It is a locally finitely presented Grothendieck category with the family 
of finitely generated projective generators A° v = {h p = Horn^P, —)}peA- 



Proposition 6.1. [ [Pop] , Theorem III.6.3] Let M : A op — > Ab (N : A -> Ab; be a 



right (left) A-module. Then, a unique functor M ®^ — : Mod.4 op — > Ab (— ®^ N 
Mod A — > Ab ) exists such that: 
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(1) There are functorial isomorphisms M £g>_4 h p « M(P) and hp £5^ N « N(P) for 
PeA. 

(2) M — and — ®_4 AT /iave right adjoints. 

Note also that the tensor product functor M ®_4 — is right exact and commutes with 
direct limits. 

So let Mod .4 = (^ op , Ab) (Mod^ op = (A, Ah)) be the category of right (left) A- 
modules with A = {Pi}i^i, mod-4° p (mod A) be the category of finitely presented left 
(right) ^4-modules. By definition every M G mod A has a projective presentation 

®U h Pi — > ®k=ihp k — ► M — ► (6.1) 
in Mod A. Similarly, every M G mod A op has a presentation 

@] =1 h p * ®T=ih Pk — > M — > 

in Mod^l op . 

Denote by Ca = (mod^4 op , Ab) (jC = (mod .4, Ab)) the category of additive covari- 
ant functors defined on mod A op (mod A) and call Ca (^C) the category of generalized 
right (left) A-modules. They naturally extend the respective categories of generalized 
A-modules for which A = {A} is a ring. Because mod^4 op is closed under cokernels, 
C_4 is a locally coherent Grothendieck category. Finitely generated projective objects 
of C_a are precisely of the form {(M, — )}A/emod.4°p an d this family generates Ca- The 
tensor product functor ? ®^ — : Mod A — > Ca defined by the rule M4 1— > M (g)^ — is 
fully faithful and right exact. 

Each finitely presented (= coherent) generalized module C G C4 has a projective 
presentation 

_) ( L> _) _> c _> 

with AT, L G mod^4 op . In particular, if M G mod .A, then M (g)^ — G cohC4. Indeed, 
consider projective presentation ( |6.1|) of M. As tensoring is right exact, this gives an 
exact sequence in Ca 

®] = ih Pj ®a ► ®T=ihp k ®a > M — > 

which is a presentation of M (g_4 — in C4 by finitely generated projective objects since 

Lemma 6.2. An object E G Ca is coh Cj\.-injective if and only if it is isomorphic to 
one of the functors M ®a ~ where M is a right A-module. 

Proof. Herzog [ |Hrz| , Proposition 2.2] has shown that E is cohC^-injective if and only 
if it is right exact. Therefore the functor M ®a ~ is coh-injective. 

Let E be coh-injective. Define Ma by putting Hoin^P, M) = c A ((h p ,—),E) = 
E(h p ). Now our assertion is proved similar to | Stm| , Proposition IV. 10.1]. □ 

Thus the category Mod A of right ^4-modules can be considered as the subcategory 
of cohC/i-injective objects of the category C4. 

In order to describe the points of the Ziegler spectrum ZgC^ of Ca, recall that a 
short exact sequence 

— ► L M N — > 
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of an arbitrary locally finitely presented Grothendieck category C is pure- exact provided 
that the sequence 

— C (X, L) — C (X, M) — C (X, iV) — 

is exact for all X e fpC. In this case, /i is called a pure-monomorphism. An object 
Q € C is said to be pure-injective if every pure-exact sequence with first term Q splits. 

Proposition 6.3. For a short exact sequence £ : — > L — > M — > N — > in C, the 

following are equivalent: 

(1) e is pure-exact in C. 

(2) e is a direct limit of split exact sequences — > Lj — > Mj — > iVj — > inC. 

Proof. Write iV = lim / jV, as a direct limit of finitely presented objects iVj. For every 
i £ I consider the following commutative diagram 

Si : ► L ► Mi Ni ► 

► L ► M ► N ► 

6 

in which the right square is pullback and ifii the canonical morphism. Since for i < j 
the relations 

= ifiSi = <Pj((pijSi) 

hold, there exists a unique ipij : Mi — > Mj such that ipi = ipjipij. Clearly that the system 
{Mj, ipij}i is direct and lim£j = e. By hypothesis there exists a morphism / : JVj — > M 
such that 5f = ifi, and hence there exists g : N — > Mj such that 5^ = 1m,, i.e. each 
sequence £j splits. 

Conversely, if each £j splits, then the sequence 

_> Horn^X, U) — > Hom^X, Mj) — > Horn^X, JVj) — > 

is exact. The fact that Hoin^X, — ), X e fpC, commutes with direct limits implies (1). 

□ 



Corollary 6.4. TTie sequence e:0^L^M^N^0 of right A-modules is pure- 
exact if and only if the C A -sequence e ® A — : — > L ®_4 > M ®^ > N <S> A > 

Proof. As tensoring commutes with direct limits, the necessary condition follows from 
the preceding Proposition. Conversely, if e ® A — is exact, then for any X e mod .A 
one has the following exact sequence 

— > (X ® A -, L ® A -) — ► (X ® A -, M ®_4 — ) — ► 

(X ® A -, N ® A -) — ► Ext^X <8u -, L <S>a —)■ 

Because X ® A — e cohC^ and the object L ®_4 — is cohC^-injective, it follows that 
Ext 1 (X® A -,L® A -)=0. □ 
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Notice that as tensoring commutes with direct limits, a monomorphism fi : L — > M 
is pure if and only if fi <g> A X is a monomorphism for any right A- module X. 
The next result is proved similar to |[Hrz| , Proposition 4.1]. 

Proposition 6.5. An object E £ C A zs an injective object if and only if it is isomorphic 
to one of the functors Q ® A — where Q is a pure-injective right A-module. 

Thus the points of the Ziegler spectrum ZgC^ of C A are represented by the pure- 
injective indecomposable right ^.-modules. Note that every indecomposable injective 
right ^4-module E A is pure-injective and hence E ® A — is a point of ZgC^. 

It is easy to see that ZgC^ = ^pe A 0{P ® A —) is a union of basic open quasi- 
compact subsets 0{P® A — )■ Prest has shown fPr3| , Example 1.5] that ZgC_4 need 
not be compact, in contrast to the case A = {A} where A is a ring, the whole spase 
need not be basic open. 



6.2. Auslander-Gruson- Jensen Duality 

Let A be an arbitrary ring. Gruson and Jensen [GJ] and Auslander [|Aus3|] proved 
that there is a duality D : (coh. A C) op ~ cohCyi between the respective subcategories of 
the coherent objects of aC and Ca- It is not hard to show that the same holds for an 
arbitrary ring A = {Pi}i^i- 

Namely let the functor D : (coh A C) op — > C A be given by 

(DC)( A N) = aC (C,-® a N) 

where C £ coh^C and iV £ mod-4° p . If 5 : B — > C is a morphism in coh A C, then 

D{5) N : (DC)( A N) — (DB)( A N) 

is put to be A c(5, — <&a N). 

We claim that D is exact. Indeed, if 

— > A^ B C — >0 

is a short exact sequence in coh^C, then because — ® A N is coh^C-injective, the 
sequence 

— ► (C, - «u AT) — ► (B, -® A N) — ► (A, -® A N) — ► 
is exact for each A" £ mod.4 op . Therefore the sequence 

— > DC ^ DB ^ DA — ► 

is exact. 

By construction of D, 

D(M A , -)( A X) = ((M4, -), - ® A X) « M ® A X. 

Thus D(M A , — ) » M (gu — • Given C £ coh^C, consider a projective presentation 

(AU, -) — ► (Ma, -) — ► C — > 

of C. Applying the exact functor D, we obtain an exact sequence 

— > DC — > M ® A > N ® A —. 
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Thus DC is a coherent object of C A and therefore the functor D has its image in cohC^. 

Theorem 6.6 (Auslander, Gruson and Jensen). The functor D : (coh^C) op — > cohC^ 
defined above constitutes a duality between the categories coh^C and C0I1C4. Further- 
more, for M A G mod A and A N G mod A op we have that 

D(M A ,-)^M® A - and D(- ® A N) « ( A N, -). 

Proof. Since D(-® A N)( A M) « (— <8u iV, — <8u M) « Horn^N, .4M), it follows 
that -D(— <SU N) ~ ( A N,—). Similarly, we can define the functor D' : (cohC A ) op — > 
coh^C in the other direction. Both of the compositions DD' and D'Z) are exact func- 
tors that are equivalences on the respective categories of finitely generated projective 
objects. Therefore they are both natural equivalences. □ 

Because the category coh^C has enough projectives, the duality gives the following. 

Proposition 6.7 (Auslander). The category cohC^ has enough injectives and they are 
precisely the objects of the form M ® A — where M A e mod A. 

Thus every coherent object C G C0I1C4 has both a projective presentation in C A 

( A K, -) — ( A L, -)-^C^0 (6.2) 

and an injective presentation in C0I1C4 

— >C — ► M ® A > N ® A — (6.3) 

where K, L G mod A op and M, N G mod A. 

We conclude the section by Herzog's Theorem. Let S C coh^C; then the subcategory 

DS = {DC \C eS} 

is Serre in coh C A and the restriction to S of the duality D gives a duality D : S op — > 
DS. By Theorem |5.13| the map 0(S) 1— > O(DS) induced on the open subsets of the 
Ziegler spectrum is an iclusion-preserving bijection. Similar to [ Hrz ] , it is easily shown 
that the functor D induces an isomorphism of abelian groups 

AC/g (A,B)* CA/m (DB,DA) 

where A and B G coh^C and the assignment given by As 1— > (DA) ds is functorial. 
Thus we have the following. 

Theorem 6.8 (Herzog). Let A be a ring. There is an inclusion-preserving bijective 
correspondence between Serre subcategories of coh. A C and those of coh. C A given by 

S 1 — >DS. 

The induced map 0(S) 1— > 0(DS) is an isomorphism between the topologies, that is, 
the respective algebras of open sets, of the Ziegler spectra of A C and C A . Furthermore, 
the duality D induces dualities between the respective subcategories D : S op — > DS 
and D : (coh A C/S) op — > cohC A / DS as given by the following commutative diagram of 
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abelian categories: 

> S > coh^C > coh A C/S > 

D D D 

► DS ► co\iC A ► cohC A /DS ► 



7. Grothendieck categories as quotient categories of (modA p , Ab) 

In this section we give another representation of the Grothendieck category C as a 
quotient category of C A . To begin, let us prove the following. 

Proposition 7.1. Let Mod.4 be the category of right A-modules with A = {Pj}i & i 
a ring and let C A be the respective category of generalized right A-modules. Then the 
category Mod A is equivalent to the quotient category ofC A with respect to the localizing 
subcategory V A = {F G C A \ F{P) = for all P G A}. 

Proof. For an arbitrary functor F G C A by F(A) denote a right A module defined as 
follows. If P G A, then we put F(A)(P) = F( A P). It is directly checked that F(A) G 
Mod A /From Theorem fO| it follows that the functor <P : C A -> Mod A, F h-> F{A), 
defines an equivalence of categories Mod A and C A / Ker <P. Clearly, V A = Ker <P. □ 

Because there is a natural equivalence of functors P ® A — ~ ( A P, — ), from Theo- 
rem [L9]it also follows that the quotient category C A /V A is equivalent to the subcate- 



are 



gory Mod .4 = {M ® A - | M G Mod^}. 

Remark. It easy to see that the subcategory 

V A = {Ker(/x ® A — ) | jj is a monomorphism in Mod ^4}. 

It should also be remarked that C^/P^-injective objects, in view of Lemma [L3 
precisely objects E ® A — where E A is an injective right A-module. 

Now suppose that C is a Grothendieck category with the family of generators U. As 
usual, let Mod A be the category of right A-modules with A = {hu}u&A- We are now 
in a position to prove the following. 

Theorem 7.2. Every Grothendieck category C with the family of generatorsU is equiv- 
alent to the quotient category of C A with respect to some localizing subcategory S of C A . 



Proof. By Theorem |4.1| there is a pair of functors (s, g), where s : C — > Mod A and 



q : Mod A C, defining C as a quotient category of Mod A. In turn, by Proposition \L1 
there is a pair of functors (g, h), where g : Mod .4 — > C A and h : C A — > Mod A, defining 
Mod .4 as a quotient category of C A . It thus suffices to show that gs is a fully faithful 
functor, the functor qh is exact and left adjoint to gs. Indeed, the composition gs of 
fully faithful functors g and s is again a fully faithful functor and the composition qh 
of exact functors q and h is an exact functor. The fact that gs is right adjoint to qh 
follows from the following isomorphisms: 

c A {F,gs{C)) ^Rom A (h(F),s(C)) a c {qh{F),C). 

Hence C is equivalent to the quotient category of C A with respect to the localizing 
subcategory S = Ker(qh). □ 
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Corollary 7.3. ||GG1| , Theorem 2.3] Every Grothendieck category C with a generator 
U is equivalent to the quotient category of Ca, A = Endc U, with respect to some 
localizing subcategory S of Ca- 

Proof. It follows from Corollary |4.4| and Theorem |7.2j . □ 

The ring A of the module category Mod .4 is said to be right coherent if each object 
P G A is coherent. Suppose now C is a locally coherent, i.e. U C cohC and Mod A 
the respective module category with A = {hu}ueu- One easily verifies that A is right 
coherent. 

Theorem 7.4. Let C be a Grothendieck category with the family of generators U . Con- 
sider the following conditions: 

(1) C is locally coherent, i.e. U C cohC 

(2) The localizing subcategory S from the preceding Theorem is of finite type. 

(3) S is of prefinite type. 

(4) ZgC = {E ® A — | E is C-injective} is closed in ZgC A . 

Then conditions (1), (2) and (3) are equivalent and (1), (2), (3) imply (4). If C is a 
locally finitely generated category, then also (4) implies (1), (2), (3). 

Proof. Equivalence (2) ^ (3) follows from Theorem |5.11| . 

(1) =>- (4). By assumption the ring A is right coherent. Therefore the category 
of right ^4-modules Mod A is locally coherent. By Theorem |5.11| ZgC is closed in 
Zg(Mod^t). Our assertion would be proved if we showed that Zg(Mod^4) is a closed 
subset of ZgC^. In view of Theorem |5.13| and Theorem |5.12| this is equivalent to the 
localizing subcategory V A of C A to be of finite type. Thus we must show that V A = S A 
where S A = V A fl 00I1C4 is a Serre subcategory of cohC.4. Clearly that S A C V A . Let 
us show the inverse inclusion. 

Let F G V A \ then there exists an exact sequence 

— >F^M® A -^>N® A -^L® A ► 0, 

where M ® A — = E(F), N ® A — = E(coker l), \i : M — > N is a monomorphism. By 
hypothesis A is right coherent, and so the exact sequence is a 

direct limit of exact sequences -»• Mi A Nt A Li -»• with M u N u L i G mod A ||Kr31 
Lemma 5.7]. If Cj = Ker(/Xj ® — ), then C, G S A . Consider a commutative diagram 

► d — ^ Afi <8u - iV; ® - 

(7.1) 







M® - 



* N ®- 



with a, and $ the canonical homomorphisms. Because (/xaj ® — )p» = ® —)p% — 
0, it follows that there exists % : C{ — > F such that i/y, = (a;, ® —)/>». Similarly, given 
i < j, we can construct the commutative diagrams 







Mi 



Ni® A - 



C; 



Pj 



M, 



iV,- <g> 



j W A 
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It is directly verified that the family {Cj, 7^} is direct. Now, taking a direct limit on 
the upper row in diagram ( |7. 1| ) , one obtains F = limCj. Thus F e S A . 

(2) =>• (1). By Theorem |5.11| the S-localization (hu ®a —)s ~ U of the (^-coherent 



object hjj ®_4 — is C-coherent. 

(4) =>■ (2). Suppose C is a locally finitely generated category and ZgC = ZgC^/iS is 



a closed subset of ZgC.4. By Theorem 5.13 there is a Serre subcategory "P of cohC^ 



such that ZgC = ZgC^/V. From [ |GG1| , Proposition 2.7] it follows that S = V . Now 



our assertion follows from Theorem |5.12| . □ 



Corollary 7.5. Let Mod^4 be the module category with A = {Pj}j e /. Then the fol- 
lowing assertions are equivalent: 

(1) The ring A is right coherent. 

(2) The localizing subcategory V A is of finite type. 

(3) The localizing subcategory V A is of prefinite type. 

(4) Zg(Mod^4) = {E £g>^ — I Ea is an injective right A-module} is closed in ZgC.4. 
It is useful to have available the following criterion of coherence of a ring. 

Proposition 7.6. For a ring A = {Pi}i<=i the following are equivalent: 

(1) A is right coherent. 

(2) For any finitely presented left A-module M the right A-module M* = Hoin^M, A) 
is finitely presented. 

(3) For any finitely presented left A-module M the right A-module M* = Hom^M, ^4) 
is finitely generated. 

(4) For any coherent object C 6 00I1C4 the right A-module C(A) is finitely presented. 

(5) For any coherent object C e C0I1C4 the right A-module C(A) is finitely generated. 

Proof. By Proposition |7.1| the functor C4 — > Mod A, F 1— > -^(^4), defines an equivalence 
of categories C^/V A and Mod A. By the preceding Corollary A is right coherent if and 
only if V A is of finite type (= of prefinite type). Because the family {(.4M, — )}A/Gmod^°p 
is a family of generators of C4, our assertion immediately follows from Theorem [5.5| 



and Proposition 5.6. □ 



Corollary 7.7. For a ring A = {Pi}i e j the following are equivalent: 

(1) V A is coexact. 

(2) For any finitely presented left A-module M the right A-module M* = Hom_4(M, ^4) 
is projective. 

In particular, V A is of finite type and coexact if and only if for any M e mod v4° p 
the module M* = Hom^M, *4) is a finitely generated projective right A-module. In 
that case, the ring A is right coherent. 



Proof. It follows from Proposition |5.2|. The second part follows from Proposition 



and Proposition [7.6| . □ 



Example. Let C% be the category of generalized abelian groups. Then the localizing 
subcategory P z is evidently of finite type and coexact. 
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Now we intend to describe localizing subcategories of prefinite type in locally finitely 
generated Grothendieck categories in terms of localizing subcategories of finite type of 
the category C4. Let S A be a Serre subcategory V A H cohC^ of C4. 

Proposition 7.8. For a localizing subcategory S of Mod A, A = {Pi]i & i, the following 
assertions are equivalent: 

(1) S is of prefinite type. 

(2) There is a Serre subcategory T of cohCj^ such that T I) S A and T(A) = S. 

Proof. Denote by P a localizing subcategory of C4 such that V ~D V A and V(A) = S 
(see Proposition |i.6| ). Let T = V fl C0I1C4; then T is a Serre subcategory of cohC^. 
Clearly, T D S A . Obviously that TCP. Hence T(A) C S. Let us show the inverse 
inclusion. 

Let # = {$ p }peA be a Gabriel topology corresponding to S. Our assertion would 
be proved, if we showed that $ has a basis consisting of those ideals a of P such that 
a = b(A), where b is a coherent subobject of P ®_4 — such that (P <g>_4 — )/b G T. 

So let a G 5 P . Consider the following exact sequence 

— ► Ker(a ® -) — ► a gu - ^ P <gu -. 

Because a is a monomorphism, Ker(a <S> — ) G P" 4 - Let a = Im(a ® — ); then a(A) = a 
and (P®^-)/o G P. Write a = £ ig/ Oj as a direct union of finitely generated 
subobjects a« of a. Because each a« is a subobject of the C^-coherent object P ®^ — , 
it follows that ci; is coherent. One has 

P s = a s = (a(A)) s = J2.J^)h- 

By Theorem |0] the object P5 G fg(Mod^4./«S), and so there is a finite subset J of 
/ such that Ps = J2 ieJ (cii(A))s. Let b = ^ igJ a^; then (P <8u ~ )/& £ 'P an d since 
(P <8u — )/b is a coherent objects, one has (P (g)^ — )/b G T. Hence b(-4) = a as was 
to be proved. □ 

Now let us consider a locally finitely generated Grothendieck category C. By The- 
orem [T2] there is a localizing subcategory S of C4 such that C is equivalent to C^/S 
with ^4 = {h u } U€U . We consider this equivalence as identification. If Q and P are 
localizing subcategories of C4, by Q-p denote a subcategory of C4/P which consist of 
{Q-p I Q G Q}. Denote by £ a Serre subcategory S fl C0I1C4 of C0I1C4. 

Proposition 7.9. Let Q be a localizing subcategory of a locally finitely generated Gro- 
thendieck category C with U a family of generators of C. Let A = {h u } U€U be a ring 
generated byU. Then the following assertions are equivalent: 

(1) Q is of prefinite type. 

(2) There is a Serre subcategory T o/cohC^ such that T D £ and T$ — Q- 
Proof. By Theorem [4.1| there is a localizing subcategory P of Mod A such that C is 



equivalent to Mod^4/P and by Proposition [L6| there is a localizing subcategory V of 
Mod A such that V D P and V/P = Q. Since both P and Q are of prefinite type, 
it follows that V is of prefinite type. From the preceding Proposition it follows that 
V = T{A) for some localizing subcategory of finite type T of C4. Then Q = V-p = 
{f{A)) v = %. □ 



54 



GRIGORY GARKUSHA 



Question. Is it true that if T is a localizing subcategory of finite type in C A containing 
the subcategory S A , then the subcategory T(A) is localizing and of prefinite type in 
Mod A! If this was true, we could define the Ziegler topology of an arbitrary locally 
finitely generated Grothendieck category. 



8. Absolutely pure and flat modules 

In this section we sketch how classes of absolutely pure, flat ^4-modules may be 
studied with the help of some torsion/localization functors in the category C A . 

Definitions. (1) Let C be a locally finitely presented Grothendieck category. An object 
C E C is said to be absolutely pure (or FP-injective) if Ext^(X, C) = for any X E fp C. 
An object C E C is called fp-injective if for any monomorphism \x : X — > Y in fpC 
the morphism c{fJ>, C) is an epimorphism. Evidently that every absolutely pure object 
is /p-injective and every /p-injective finitely presented object is absolutely pure. The 
ring A = {Pi\i(zi is right absolutely pure if every right ^4-module P E A is absolutely 
pure. 

(2) Let Mod A, A = {Pi} i€ i, be the category of right ^4-modules. A module M E 
Mod A is flat if the tensor functor M <S) A — is exact. M is called fp-flat if for any 
monomorphism /x : A K — > A L in mod A op the morphism M /i is a monomorphism. 
Evidently that every flat module is fp-HeA. 

Remark. Some authors refer to absolutely pure objects as /p-injective. Therefore, to 
make not terminological displacements, every time we refer to somebody the reader 
should make more precise the terminology. 

One easily verifies: 

Lemma 8.1. Let C be a locally finitely presented Grothendieck category. The following 
statements are equivalent for an object C E C: 

(1) C is absolutely pure. 

(2) Every exact sequence — > C — > C — > C" — ► is pure. 

(3) There exists a pure-exact sequence — ► C — ► C — > C" — > with C absolutely 
pure. 

We shall adhere to the following notation: 

V A = {F E C A I F(A) = 0} 
S A = {C EcohC A \C(A) =0} 
S A = {C E cohC A I (C, P ® A -) = for all P E A}. 

Subcategories A S and A S of coh^C are defined similar to subcategories S A and S A 
respectively. By Theorem |5.12| S A and S A are localizing subcategories of finite type. 



By Corollary |7.5| V A = S A if and only if the ring A is right coherent. If we consider 
presentations (|6.3|) , it is easily seen that 



S A = {Ker(/i ® -) I n : M N is a monomorphism in mod ^4}. 
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Similarly, 

<~>A — {Coker(/i, — ) | fi : L — > K is a monomorphism in mod*4 op }. 

Proposition 8.2. Let K G Mod .4; the the following assertions hold: 

(1) K is absolutely pure if and only if the functor K ® A — is V A -torsionfree. 

(2) K is fp-injective if and only if the functor K (g>^ — is S A -torsionfree. 

(3) K is fp-flat if and only if the functor K (g)^ — is S '^-torsionfree. 

Proof. Adapt the proof for modules over a ring A = {A} [ |GG2j , Proposition 2.2]. □ 



Corollary 8.3. The set of indecomposable pure-injective fp-injective (fp-flat) mod- 
ules is closed in ZgC^. 



It is well-known (see e.g. ||Stm|| ) that for a ring A a right A- module M is finitely pre- 
sented (finitely generated) if and only if the natural map M ®^ (Yli^i Ni) — > P3 ie/ (Af (gu Ni 
is an isomorphism (epimorphism) for every family {Ni} i& i of right A-modules. This 
generalises to arbitrary module categories Mod .4 as follows. 

Lemma 8.4. [[Kr3| , Lemma 7.1] Let A be a ring. For M G Mod A the following are 
equivalent: 

(1) M is finitely presented (finitely generated). 

(2) The natural morphism M g)^ (Yiiei ^i) — > Ylieii-^- ®A^i) ^ s an isomorphism 
(epimorphism) for every family {A^}j e / in Mod A. 

(3) The natural morphism M ® A {]J ieI Pi) -> Ilie/( M ®^ ^) = Ilie/ M (^) is an 
isomorphism (epimorphism) for every family {Pj}j £ / in A. 

Now the next result may be proved similar to ||GG2| , Proposition 2.3]. 

Proposition 8.5. Let A = {Pi}i e j be a ring; then: 

(1) For every family of right A-modules {Mj}/ the module Yli^i ^ s absolutely pure 
(respectively fp-injective, fp-flat) if and only if every Mi is absolutely pure (respectively 
fp-injective, fp-flat). 

(2) The direct limit limMj of fp-injective (respectively fp-flat) right A-modules Mj 
is an fp-injective (respectively fp-flat) module. 

Let us consider now a locally finitely presented Grothendieck category C with the 
family of generators U C fpC. As usual, consider the category of modules Mod A with 
-4 — {hu}u&A- By Theorem [O] C is equivalent to the quotient category Mod .4/5. 
Furthermore, by Proposition |5.6| £ is of finite type. By Theorem [77^ there is a localizing 
subcategory V of C_a such that C is equivalent to the quotient category C^/V. Similar 
to the category of modules, absolutely pure//p-injective objects of C can be described 
in terms of torsion functors in C4. To begin, let us prove the following. 

Proposition 8.6. For an object C G C the following assertions hold: 

(1) C is absolutely pure if and only if it is absolutely pure as a right A-module. 

(2) C is fp-injective if and only if it is fp-injective as a right A-module. 
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Proof. (1). Let C be a C-absolutely pure object and M G modA We must show that 
Ext A (M, C) = 0. Equivalent ly, any short exact sequence 







c 



X 



M 







of right ^4-modules splits. By Proposition |5Ty Ms G fp C. By assumption, the morphism 
as splits, i.e. there exists (3 : Xs — * C such that Pas = lc- Then (p\x)a = Pas = lc 
where Ax is an iS-envelope of X. So a splits. 

Conversely, let C be an absolutely pure right ^4-module and let 



£ : 



c 



E 



P 



X 







be a C-exact sequence with E = E(C) and X = E/C. By assumption, the short exact 
sequence 



e : 



C E Im/3 







is pure-exact in Mod A. Clearly that es = £■ /,From Proposition |6.3| it follows that e 
is a direct limit of split exact sequences 



Si : 



a 



Ei 



Mi 







(eAs- Thus C is 



in Modv4. Then e is a direct limit of split exact sequences 
C-absolutely pure. 

(2). Suppose C is an /p-injective object in C and \i : M — > N is a monomorphism 
in mod ^4. Since 5 is of finite type, the morphism \h$ is a monomorphism in fpC. 
Consider the commutative diagram 



Hoin^iV, C) 



:(N S ,C) 



Honu(M, C) 



c(M S) C) 



where vertical arrows are isomorphisms. Because (/is, C) is an epimorphism, it follows 
that (//, C) is an epimorphism. 

Coversely, suppose /i : X — > y is a monomorphism in fpC. Then there is a monomor- 
phism 7 : M — > A/" in mod .A such that 75 = fi. Indeed, we can embed /1 into the 
commutative diagram in C with exact rows: 



(-,©r=i^) 
(-,®i=i^) 



y 



-> 



0. 



Because each @hjj. is 5-closed and finitely generated projective in Mod A, both Coker ip 
and Coker (p are finitely presented right .4-modules. We put M = Coker ip and N = 
Coker ip. There is a unique morphism 7 : M — > N. Since Ms = X and Ng = Y, it 
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follows that 75 = //. Consider the commutative diagram 

Honu ( N, C) -^h Rom A {M,C) 



c(Y,C) > C (X,C) 

where vertical arrows are isomorphisms. Because (7, C) is an epimorphism, it follows 
that (//, C) is an epimorphism. So C is /p-injective in C. □ 

Corollary 8.7. The ring A = {hjj}u G u is right absolutely pure if and only if each 
U ElA is an absolutely pure object in C. 



Proof. It suffices to note that each hu is 5-closed (see Theorem |4J]) and then apply 
the preceding Proposition. □ 

Denote by T = coh C D V and let t-p and tj- be the torsion functors corresponding 
to the localizing subcategories V and T of C A . 

Proposition 8.8. Let C G C; the the following assertions hold: 

(1) C is an absolutely pure object of C if and only if t v {C ® A — ) = 0. 

(2) C is an fp-injective object of C if and only iftq-(C ® A — ) = 0. 

Proof. (1). Let C be absolutely pure. By the preceding Proposition it is an absolutely 
pure right ^4-module. Now let E be an injective envelope of C. Then C ® A — is 
a subobject of E ® A — . Because E ® A — is P-torsionfree, it follows that C ® A — is 
P-torsionfree. Conversely, since V D V A , our assertion follows from Propositions |B.2| 
and |3l| 

(2). Let C be /p-injective and T G T. Consider exact sequence ( ft.3| ) 

— >T — > M ® A -^ N ® A - 

where M, N G mod A. Because = T-p = T(A)s, it follows that the morphism fig 
is a monomorphism in fpC Consequently, the morphism (pLg,C) is an epimorphism, 
and so the morphism (fi,C) is an epimorphism too. As C ® A — is a cohC^-injective 
object, one has an exact sequence 

(N ® A -, C ® A -) ^-^^ ( M ® A _ C ® A -)^ (T, C ® A -) — 0. 

But (/i, C) is an epimorphism, hence (T, C ® A — ) = 0. So t?(C ® A — ) = 0. Because 
T D S A , the converse follows from the preceding Proposition and Proposition [8.2| . □ 

For a ring A the Chase Theorem asserts that A is left coherent if and only if any 
direct product °f right A-modules Mj is flat. This generalizes to arbitrary 

module category as follows. 

Proposition 8.9 (Chase). Let A = {Pi}i^i be a ring. Then the following are a equiv- 
alent: 

(1) A is left coherent. 

(2) Every product of flat right A-modules is flat. 

(3) Every product Yljej Pj °f Pj £ A is a flat right A-module for every set J. 
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Proof. (1) =>- (2): Let {Mj}j e j be the family of flat right ^-modules. By Propo- 
sition |875| the module Ylj^j Mj is /p-flat. Let (p : if — > L be a monomorphism 
in Mod-4° p . As .4. is left coherent, it follows that ip = lim^j is a direct limit of 
monomorphisms (pi in mod*4 op | Kr3| , Lemma 5.9]. Then the morphism if (g> n^K? = 



limjipj ® f3 Mj) is a direct limit of monomorphisms tpi ® Yl Mj. So it is a monomor- 
phism too. 

(2) (3) is trivial. 

(3) =>■ (1): Let A K be a finitely generated submodule of finitely presented module 
A L. For each index set J we have a commutative diagram 



where the horizontal arrows are monomorphisms. Since is a monomorphism by 



Lemma |3.4| , also tpx is a monomorphism. Thus K is finitely presented by Lemma |8-4 

□ 

In contrast to absolutely pure right ^.-modules a class of flat right ^4-modules is 
realized in C A as a class of those M ® A — for which t${M ® A — ) = for some localizing 
subcategory S of C A if and only if A is left coherent. 

Theorem 8.10. For a ring A the following assertions are equivalent: 

(1) A is left coherent. 

(2) In C A there is a localizing subcategory S such that any right A-module M is flat 
if and only if the functor M ® A — is S-torsionfree. 

(3) Every left fp-injective A-module is absolutely pure. 

(4) Every right fp-flat A-module is flat. 

(5) A direct limit of absolutely pure left A-modules is absolutely pure. 
Proof. (1) <^ (5): It follows from [[Kr3j Lemma 9.3]. 



The rest is proved similar to [|GG2| , Theorem 2.4]. □ 



Theorem 8.11. For a ring A the following conditions are equivalent: 

(1) A is right absolutely pure. 

(2) S A C S A . 

(3) A S Q A S. 

(4) Every fp-flat right A-module is fp-injective. 

(5) Every indecomposable pure-injective fp-flat right A-module is fp-injective. 

(6) Every pure-injective fp-flat right A-module is fp-injective. 

(7) Every fp-injective left A-module is fp-flat. 

(8) Every indecomposable pure-injective fp-injective left A-module is fp-flat. 

(9) Every pure-injective fp-injective left A-module is fp-flat. 

Proof. Adapt the proof for modules over a ring (see [|GG2| , Theorem 2.5]). □ 



Example. Let A = {A} be a ring and Ca the category of generalized right A-modules. 
Then the ring B = {(Af, — )} A / emod ^o P is right absolutely pure if and only if A is 
(von Neumann) regular. 
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Indeed, let B be right absolutely pure; then each (K,—) with K G modA op is 
cohC^-injective. Therefore (K, — ) is isomorphic to the object K* ®a — where K* = 
H.om.A(K, A). Since every coherent object C G cohC^ is a cokernel 



(<*,-) 



C 







(K, -) ^ (L, -) - 

of (a, — ) (see sequence (|6.2|) ), it follows that C is isomorphic to (Cokera*) <S>a ~- So 
every C G cohC^ is cohC^-injective, and hence A is a regular ring ||Hrz| , Theorem 4.4]. 
The converse follows from |[Hrz| , Theorem 4.4]. 



To conclude, we shall give a criterion of a duality for categories of finitely presented 
left and right A-modules. The ring A over which the functor Hom^(— , A) constitutes a 
duality of indicated categories one calls weakly Quasi- Frobenius. For the case A = {A} 
with A a ring, we refer the reader to ||GG2 |. 



Theorem 8.12. For a ring A = {Pj}j 6 / the following assertions are equivalent: 

(1) A is weakly Quasi- Frobenius . 

(2) A is (left and right) absolutely pure and (left and right) coherent. 

(3) Classes of flat right A-modules and absolutely pure right A-modules coincide. 

(4) A is left absolutely pure and left coherent and any flat right A-module is absolutely 
pure. 

(5) A is right absolutely pure and right coherent, and any absolutely pure right A- 
module is flat. 

And also assertions (3') — (5') ; obtained from (3) — (5) respectively by substituting 
the word "right" for "left" and vice versa. 

Proof. (1) =^> (2): By assumption, given a finitely presented left ^4-module M, the right 
A-module M* = Hom^(M, ^4) is finitely presented. From Proposition ^6| it follows 
that A is right coherent. Symmetrically, A is left coherent. Because the functor 
Hom^(— , P) where P G A is exact both on mod.A op and on mod A, it follows that P 
is an absolutely pure both left and right A-module. So A is an (two-sided) absolutely 
pure ring. 

(2) =>■ (1): Since A is a (two-sided) coherent ring, from Proposition [775] it follows 
that V A = S A , and hence there is an equivalence of categories mod A and cohC^/5 -4 . 

Similarly, there is an equivalence of categories modA op and coh^C/^iS. In view of 
Theorem we have the following relations: 

S A = D( A S) = D( A S) 

S A = D( A S)=D( A S). 

Now our assertion follows from Theorem 

(2) (3), (2) (4): Apply Theorems 

(3) =^> (5): It suffices to show that A is right coherent. To see this, consider a direct 
system of absolutely pure right A-modules {Mi} ieI . Since each Mj, by assumption, is 
flat, it follows that the module limMj is flat, and so it is absolutely pure. Therefore A 



is right coherent by Theorem |8. 10 
(4) 



(3): By Theorem B7TT] any absolutely pure right A-module is /p-flat, and 



hence flat by Theorem p. 10. 
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(5) =>- (2): Since the ring A is right absolutely pure, the module rij-^i) where 
Pj G A and J is some set of indices, is also absolutely pure, and therefore it is flat. 
In view of Proposition |S.9| A is left coherent. By Theorem |8.10| any /p-injective right 
-R-module is absolutely pure, and hence flat. From Theorem |8.11| it follows that A is 
left absolutely pure. □ 
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